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Abstrakt

Koalgebraická Mossova logika je vhodná k popisu chovánı́ různých reaktivnı́ch
systémů modelovaných koalgebrami, napřı́klad deterministických automatů
nebo Kripkovských rámců. V této práci zavedeme pojem vı́cehodnotového
relačnı́ho liftingu a s jeho pomocı́ definujeme vı́cehodnotovou koalgebraickou
logiku jako zobecněnı́ standardnı́ Mossovy logiky. Dále ukážeme, že je tato
logika expresivnı́.

Klı́čová slova

Koalgebra, modálnı́ logika, vı́cehodnotová logika, relačnı́ lifting.



Abstract

Coalgebraic Moss’ logic is useful for description of behaviour of various re-
active systems modeled by coalgebras, for example deterministic automata or
Kripke frames. In this thesis we introduce the notion of many-valued relation
lifting and with its help we define many-valued coalgebraic logic as a general-
isation of the standard Moss’ logic. We show results concerning its expresive-
ness.

Keywords

Coalgebra, modal logic, many-valued logic, relation lifting.
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Preface

In this thesis we are going to present a many-valued logic which will be use-
ful to describe the behaviour of various reactive systems. Many examples of
reactive systems can be found in the field of modal logic, automata theory,
or computer science in general, because they are useful to describe processes
which do not have to terminate. Examples of systems include streams and
deterministic automata: the behaviour of streams gives an infinite sequence of
outputs, the behaviour of an automaton is the language it accepts. We shall use
the notion of coalgebra and the theory of universal coalgebra [49] as a unifying
framework to model systems. A system with a set A of inner states is modeled
as a single transition map — a coalgebra c : A→ TA (see Definition 2.2.1), and
its type is captured by a set functor T .

Finding logics that describe behaviour of systems is important: various sys-
tems can have a different internal structure and yet they can be observationally
indistinguishable. Sometimes we want to abstract from the internal structure
of systems. This is why we are very much interested in logics which can distin-
guish systems that behave differently, and which cannot distinguish systems
that differ only in their internal structure and not in behaviour. The notion
of behavioural equivalence (see Definition 2.6.1) and bisimulation (see Defi-
nition 2.6.2) is central in this context. This is one of the starting points for
coalgebraic logic.

The field of coalgebraic logic is well-established and many results have al-
ready been proved.

There are more possible approaches how to define logics that capture the
notion of behavioural equivalence in a coalgebraic level of generality, and such
logics are known for a large class of systems (we give the references below).
The logics are modal in nature, modalities are used to describe the dynamics
of the system internally. The logics mostly extend the classical propositional
logic, or its positive fragment. Classical modal logics, as for example normal
modal logics, graded modal logics or probabilistic modal logics can be studied
as coalgebraic logics for appropriate functors.

We concentrate on one of the possible approaches to coalgebraic logic, and
generalise the logics introduced by Larry Moss [45], more precisely, their fini-
tary variants. This approach gives us a uniform definition of logics parametric
in the type T of the system. The language of the logic contains a single modal-
ity, whose arity is given by the type of the system — the functor T — and whose
semantics is given by the functor as well, via the notion of relation lifting (see
Section 2.4.) The language is expressive enough to distinguish systems with
different behaviour.

Our goal is to present coalgebraic logics, for a large class of systems, Moss’
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coalgebraic logics that are moreover many-valued, or fuzzy — they extend
propositional logics given by more general algebras of truth values (such as
the unit interval [0, 1]). Many-valued or fuzzy logics capture approximate rea-
soning or reasoning with vague or uncertain information, which is useful in
modeling real-life situations, for example the inaccuracy of measurement. The
logic we introduce will therefore have more expressive power while retaining
the nice properties of standard coalgebraic logic, that is, distinguishing systems
with different behaviour. This also presents a way of defining many-valued or
fuzzy modal logics in a coalgebraic level of generality.

In order to achieve our goal, we are going to present some technical results
which are of independent interest, namely to define semantics of many-valued
Moss’ logic we introduce a many-valued relation lifting.

State of the art

Coalgebraic logics The theory of coalgebras has been introduced by Peter
Aczel in the late 1980s [1, 2]. The study of universal coalgebra as the general
study of systems has been proposed in Jan Rutten’s paper [49]. The various ap-
proaches to define coalgebraic logics include Moss’ logics introduced in [45],
logics with modalities arising from predicate liftings [48, 51], or equivalently
from a Stone type dualities [13, 39]. Many-sorted languages have been intro-
duced in [31], logics of coequations have been introduced in [4].

Larry Moss introduced in [45] his logic for coalgebras for set functors pre-
serving weak pullbacks and proved its expressivity. The language of the logic
he introduced was, however, infinitary. This led to the study of an expres-
sive finitary variant of Moss’ logic, and subsequently, a complete axiomati-
sation [33, 34] and proof theory were introduced in [10]. The applications in
automata theory are given in [35, 36], and fixpoint extensions of the logic on a
coalgebraic level of generality are treated in [53].

Preliminary study of many-valued Moss’ coalgebraic logic stemming from
many-valued relation lifting appears in [9] in the setting of enriched category
theory. The aim of this thesis is to study many-valued Moss’ logic for coalge-
bras over the category Set and to find the boundaries of this approach.

Many-valued and fuzzy logics and relations Many-valued logics are non-
classical logics generalising classical logic by allowing for a set (an algebra) V
of truth degrees other than the two-element set (boolean algebra) {0, 1} of clas-
sical truth values. Such logics are called fuzzy if the underlying lattice of the
algebra of the truth values is the unit interval, or, in a broader sense, if they are
complete with respect to linearly ordered algebras — chains (see e.g. [16]). The
main idea is that these are the logics of comparative truth degrees. From the
large ammount of fuzzy logics we actually mention only Gödel fuzzy logic in
this thesis. As a basic reference to fuzzy logics and their algebraic semantics we
refer the reader to Petr Hájek’s book [26], and to a more recent handbook [18].

Many-valued binary relation from A to B is a mapping R : A × B → V ,
where V is the underlying set of an algebra of the truth values V — a complete
lattice in general, often a complete Heyting algebra (called also Brouwerian
lattice) or a quantale (see e.g. [47]). Such a relation is called a fuzzy relation
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if V is the unit real interval [0; 1] (or, in broader sense, a complete algebra for
some fuzzy logics — i.e. an MV algebra or Gödel algebra).

Fuzzy relations are a core concept of fuzzy mathematics and they play an
important role in fuzzy modeling, fuzzy diagnosis, and fuzzy control. The
study of fuzzy sets and relations originated in work of Lotfi Zadeh [55, 56]
and Joseph Goguen [24]. There the category RelV of V -relations was defined,
with V being in general a quantale (i.e. a complete lattice semigroup with
the semigroup operation distributing over joins.) Fuzzy relations and their
properties were consequently studied e.g. in [46], or in [15] in the framework
of fuzzy class theory.

We consider the category V -mat of sets and many-valued relations in this
thesis, which has a two-dimensional structure given by a preorder on many-
valued relations. We start with assumption that V is a quantale, later we re-
strict ourselves to the case when V is a complete Heyting algebra or a complete
Gödel chain.

Many-valued modal logics Most of the many-valued modal logics appear-
ing in the literature (see e.g. [26, 29] ) are many-valued counter-parts of rather
strong classical normal modal logic S5. A systematic study of a minimal modal
logic over a given algebra V of truth values appeared in [21, 22] (where V is
a finite Heyting algebra with constants in the language) and [17, 44] (where V
is the standard Gödel chain [0, 1]), and most consistently in [14], where V is a
finite residuated lattice.

Particular many-valued or fuzzy logics which have appeared in the liter-
ature include e.g. fuzzy description logics (see [42] for an overview, or [27]),
generalisations of belief logics to capture fuzzy events [28].

Our work relates to that on a minimal modal logic over a given lattice V .
Although the syntax of Moss’ language is nonstandard, the approach gives a
notion of the minimal modal logic for coalgebras of a given functor, special case
of which includes variants of many-valued Kripke frames considered in [14].

Motivation

We study a many-valued variant of finitary Moss’ coalgebraic logic for coal-
gebras for finitary set functors preserving weak pullbacks, thus providing ex-
pressive modal languages specifying behaviour of the coalgebras in a uniform
way.

There are many motivating examples of such coalgebras:

• Infinite streams.

• Infinitary datatypes: trees, graphs.

• Deterministic and nondeterministic automata.

• Most variants of other automata from automata theory.

• Kripke frames from modal logic.

• Many-valued Kripke frames.
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• Reactive agents from multiagent systems.

It is natural to ask whether there is a many-valued extension of the stan-
dard Moss’ logic which retains most of its nice properties. We are therefore
interested in finding the most general approach of defining such logics which
is applicable to a large class of systems.

However, there is a (slightly unnatural) way to incorporate many-valuedness
into the two-valued Moss’ logic which uses the already known theory. To spec-
ify a language for T -coalgebras it is possible, to some extent, to use the exist-
ing classical Moss’ logics for set coalgebras for the functor T × V At. But it is
not intuitive. The atomic propositions are incorporated in the modality of the
language. Moreover, the semantics of this language only allows many-valued
valuation for atomic propositions, which are not an independent part of the
language. All the formulas of the language have two-valued semantics.

We would like for example to vary the propositional part of the logic to co-
incide e.g. with a given many-valued or fuzzy logic, or intuitionistic logic. This
is not possible without changing the classical setting and we found it more in-
tuitive and natural to work with set coalgebraic models that have non-classical,
many-valued valuations.

Results

The main result of the thesis is the definition of a many-valued variant of Moss’
coalgebraic logic for coalgebras for finitary set functors preserving weak pull-
backs.

To be able to do so, a purely technical result of independent interest (and a
nontrivial one) of functorial relation lifting for many-valued relations is proved
for these functors. This result moreover extends the classical lifting result of
Věra Trnková in [52] in a natural way. The lifting operation satisfies the re-
quired properties:

• It commutes with the standard operations on relations (composition, op-
posites, restrictions).

• It is a 2-functor on the category of many-valued relations.

• For a functor T , it is an extension of T .

The algebra of truth values is restricted to be a complete Heyting algebra for
the lifting to be functorial (and we give a counterexample to show that our
approach does not allow for more general algebras of truth values).

We then give a notion of many-valued bisimulation and prove that the re-
sulting notion of bisimilarity coincides with the classical notion of bisimilar-
ity for the same structures. Therefore, this notion coincides with behavioural
equivalence for the class of functors we are working with.

The resulting many-valued Moss’ logic is proved to be expressive. We
prove the expressivity of the closed fragment of our logic using the expres-
sivity of the classical Moss’ logic for the same class of structures. Then we
show that the full language is expressive as well, under the restriction that the
truth-values algebra is a complete Gödel chain. We prove this result directly
by using the properties of the many-valued relation lifting.
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Finally, we show examples of logics that arise from the theory. The seman-
tics of these logics for various classes coalgebras are given and we relate them
related to existing work on fuzzy modal logics.

Structure of the text

The thesis is divided into four chapters.

Chapter 1 In the first chapter we deal with mathematical prerequisites and
we introduce the basic concepts which are used throughout the text. It in-
cludes an introduction to category theory, defines many-valued relations and
establishes the notation. All the results in this chapter are well-established and
the chapter does not contain new material.

Chapter 2 The second chapter includes a brief introduction to coalgebras and
their logics. We discuss how coalgebras can model various systems in Sec-
tion 2.2. Then we define relation lifting in Section 2.4 and show how it can be
used to introduce expressive logics describing behaviour of coalgebras in Sec-
tion 2.7. We show the logic for many-valued Kripke frames as an application
of the introduced coalgebraic logic in Section 2.7 as well.

Chapter 3 We define many-valued relation lifting in order to be able to in-
troduce many-valued logics for coalgebras in the next chapter. First we define
many-valued relation lifting for polynomial functors in Section 3.3, and then
we use the technique of functor presentations (introduced in Section 3.4) to
extend the definition to a large class of finitary functors in Section 3.5. The
definition of many-valued relation lifting using functor presentations and the
proofs of its properties are novel.

Chapter 4 The notion of many-valued relation lifting gives rise to an inter-
esting logic for coalgebras. We describe its syntax and semantics in Section 4.1
and show examples of logics for specific functors. Then we study the notion
of bisimilarity induced by many-valued relation lifting and show some of its
properties (Section 4.3). Finally, we give expressivity results for the introduced
logic in Section 4.4. The results contained in this chapter are new.
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Chapter 1

Mathematical prerequisites

Throughout this thesis we are going to actively use notions from various branches
of mathematics and computer science. In this chapter we will present some of
the core concepts and examples from category theory, show some basic set-
theoretical constructions and we will look at some of the algebraic structures
used for capturing “fuzzy truth values”. One of the core notions of the thesis,
namely coalgebra, will be thoroughly treated in the following chapter.

The concepts introduced in this chapter can be considered as a standard
material. For each topic we will therefore provide the reader with references
for introductory texts and for further reading.

Some of the more specialised definitions that are not considered standard
are going to be introduced in later chapters within the flow of the text.

1.1 Category theory

We will very often use the language of category theory, for it will allow us
to formulate arguments of vast generality very succintly. Unfortunately, this
section cannot be used as a complete introduction to the subject, so we are
referring the curious reader to literature in case of need. A great elementary
introduction to category theory can be found in [41], the textbook [8] is meant
for those interested in applications of category theory in computer science. For
those more mathematically inclined, we point to [6] and to the standard refer-
ence [43].

Categories and constructions

Definition 1.1.1 (Category). A category X is a two-sorted structure consisting
of a collection of objects and a collection of morphisms which are intercon-
nected as follows:

• Each morphism f has a unique domain object A and a unique codomain
object B, denoted by f : A→ B.

• For each pair of morphisms f : A → B, g : B → C we have a unique
morphism g ◦ f : A→ C called the composition of f and g.

12



The composition has to satisfy the following axioms:

• Identity axiom: For every object A there is a morphism idA : A→ A such
that for every morphism f : A→ B it holds that

idB ◦ f = f = f ◦ idA.

• Associativity axiom: For each triple of morphisms f : A→ B, g : B → C,
h : C → D, their composition is associative, that is,

(h ◦ g) ◦ f = h ◦ (g ◦ f).

If for each pairA andB of objects from X the collection of morphisms from
A to B constitutes a set, the category X is said to be locally small. We then call
this set of morphisms a hom-set and denote it by X (A,B).

Example 1.1.2 (Sets and functions). The collection of all sets and the collection
of functions between sets together form a category. Observe that for every
set there is an identity function operating on that set and that composition of
functions is associative. We denote this category by Set.

Moreover, this example shows us why we are talking about “collections” of
objects and morphisms and not about sets: the collection of all sets is a proper
class and not a set.

Note 1.1.3 (Sets and their elements). Usually we are going to denote sets by
capital letters A,B,C; typical element of the set A is a. In case we need to
talk about more elements from B, we use subscript notation b1, b2, b3, or more
generally bi going over an indexing set I .

Example 1.1.4 (Natural numbers). We denote the set of natural numbers by N
and include 0 as a natural number for reasons of convenience.

Moreover, n can stand for a set {0, 1, . . . , n − 1} with n elements. The set 0
is therefore the empty set ∅.

Definition 1.1.5 (Opposite category). Given a category X , we get its opposite
category X op by reversing the direction of morphisms. More precisely, the
collection of objects of X op is the same as the collection of objects of X , and the
hom-set X op(A,B) is the hom-set X (B,A). Composition in X op is derived
from the composition in X in the obvious way:

f ◦op g = (g ◦ f)op ,

where f : A→ B and g : B → C are morphisms in X . It is easy to see that this
construction indeed gives a category.

Now we are going to introduce categorical constructions which have a well-
known meaning in the category of sets.

Definition 1.1.6 (Products). Given a collection Ai of objects indexed by a set I ,
their product is an object P together with a collection pi : P → Ai of morphisms
indexed by I satisfying the universal property: for any object Z and a collection
zi : Z → Ai there is a unique morphism q : Z → P making the following
diagram commute

13



Z P

Ai

q

zi
pi

for all i ∈ I . The morphism q is usually called mediating. We shall often denote
P by

∏
iAi.

Note 1.1.7 (Product of functions). Having a collection fi : Ai → Bi of mor-
phisms (indexed by I), we can form their product with the use of the universal
property of products. We define the morphism

∏
i fi :

∏
iAi →

∏
iBi as the

mediating morphism making the following diagram

∏
iAi

∏
iBi

Ai Bi

∏
i fi

pi p′i

fi

commute for every i ∈ I .

Note 1.1.8 (Binary products). In the case that the collection contains just two
objects, say A and B, their product is denoted by A×B, analogously we write
f × g as the product of two morphisms f and g.

Example 1.1.9 (Binary products in Set). In the category Set, the binary product
A×B is the set of all ordered pairs {(a, b) | a ∈ A, b ∈ B}.

The product of two functions f : A → X and g : B → Y is a function
f × g : A×B → X × Y and is defined by the following formula:

(f × g)(a, b) = (f(a), g(b)).

Definition 1.1.10 (Coproducts). Given a collection Ai of objectsfrom category
X indexed by a set I , their coproduct is the dual notion to that of a product.
That is, coproducts in the category X are products in the category X op .

We denote the coproduct of objects Ai by
∐
iAi.

Note 1.1.11 (Coproduct of functions). The coproduct of a collection fi : Ai →
Bi of morphisms is the morphism

∐
i fi :

∐
iAi →

∐
iBi defined again with

the use of the mediating morphism.

Note 1.1.12 (Binary coproducts). If the collection again contains just two ob-
jects A and B, their coproduct is denoted by A + B, and we write f + g as the
coproduct of two morphisms f and g.

Example 1.1.13 (Binary coproducts in Set). The coproduct (or sum) A + B of
two sets A,B can be encoded as the set of ordered pairs

{(a, 1) | a ∈ A} ∪ {(b, 2) | b ∈ B}.
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The sum of two functions f : A → X and g : B → Y is a function f + g :
A+B → X + Y and is defined by the following formula:

(f + g)(s) =

{
(f(a), 1) if s = (a, 1)

(g(b), 2) if s = (b, 2)
.

Below we are going to introduce a common generalisation of the set inter-
section and inverse image operation.

Definition 1.1.14 (Pullbacks). A pullback of two morphisms f : A → C and
g : B → C is a pair of morphisms p1 : P → A and p2 : P → B such that the
square in the following diagram commutes

Z

P B

A C

q

z1

z2

p1

p2

f

g

and for any pair of morphisms z1 and z2 making the outline commute, there is
a unique mediating morphism q : Z → P filling the diagram in.

Example 1.1.15 (Pullbacks in Set). In the category Set, the pullback P of the
functions f : A→ C and g : B → C is the set

{(a, b) | f(a) = g(b)}

together with the obvious projection morphisms p1 and p2.

Example 1.1.16 (Intersections and inverse images). Suppose that in the preced-
ing diagram A ⊆ C and B ⊆ C, and the functions f ,g are the inclusion maps.
Then P is the intersection A ∩ B and the maps p1 and p2 are inclusion maps
A ∩B ↪→ A and A ∩B ↪→ B.

In the more general case when we know just that B ⊆ C and that g is the
inclusion map, the set P is the inverse image of B under f :

P = {a ∈ A | f(a) ∈ B}.

In this case p1 is the inclusion map P ↪→ A.

Definition 1.1.17 (Weak pullbacks). The definition of a weak pullback is the same
as that of a pullback with the distinction that the mediating morphism does not
have to be unique.

To the contrary of pullbacks, weak pullbacks need not be determined uniquely
up to an isomorphism. For example, in the category Set, any superset of a non-
empty pullback is a weak pullback.
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Functors

A functor can be thought of as a homomorphism of categories. We can give
it another meaning from the computer science point of view: a functor is a
parametric datatype [25].

Definition 1.1.18 (Functor). Let X and Y be categories. A functor T : X → Y
is given by two actions:
Action on objects:

A 7→ TA

is given for every object A of X , and the image TA is an object of Y .
Action on morphisms:

(f : A→ B) 7→ (Tf : TA→ TB)

for every morphism f ∈X .
The action on morphisms must satisfy two laws, the identity law

T (idA) = idTA

and the composition law

T (g ◦ f) = T (g) ◦ T (f).

If the categories X and Y are the same, we say that T is an endofunctor of X .

Definition 1.1.19 (Functor composition). Two functors T : X → Y and U :
Y → Z can be composed to give a functor U ◦ T : X → Z , defined by the
action on objects (for any object A from X )

A 7→ UTA,

and by the action on morphisms (for any morphism f : A→ B from X )

(f : A→ B) 7→ (UTf : UTA→ UTB).

Remark 1.1.20 (Contravariant functors). Sometimes we find ourselves in a sit-
uation where we “nearly” find a functor from X to Y , but the action on mor-
phisms reverses the direction of morphisms. That is, the action on morphisms
is the following

(f : A→ B) 7→ (Tf : TB → TA)

and it holds that
T (g ◦ f) = T (f) ◦ T (g).

This just means that we have a functor T : X op → Y . Some authors explicitly
call this kind of functors contravariant ones.

In the following text, we are going to work almost exclusively with endo-
functors on Set, that is, with functors T : Set→ Set.
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Functors as parametric datatypes One very helpful way to think of functors
is look at them from the computer science point of view. Having an endofunc-
tor T : X → X , we can think of X as being the category of types of a certain
programming language. Then T can take a type A ∈X and construct the type
TA, which can for example be all arrays with elements of type A. Moreover,
given a function f : A → B, we automatically get a function Tf : TA → TB
from arrays ofA to arrays ofB. This view is proposed in [25] and the following
examples are inspired by the mentioned text.

Example 1.1.21 (List). Given a setA, the set List(A) is the set of all finite lists (or
tuples) that can be constructed using the elements of A. If we have a set A =
{a1, a2, a3}, some examples of lists are (a1, a2), (a3, a3, a3) or even an empty list
(). From another point of view, we can see the set A as an (possibly infinite)
alphabet and the elements of List(A) as words over the alphabet A.

To be more precise,

List(A) = {(ai)i<n | n ∈ N, ∀i : ai ∈ A},

where (ai)i<n is a shortcut for the list (a0, a1, . . . , an−1).
Now we are half done with the definition of our List functor. To define it

completely, we have to describe its action on morphisms as well. This action
is well known to every functional programmer: Suppose we have a function
f : A→ B. Then the function List(f) : List(A)→ List(B) is the map function:

(ai)i<n 7→ (f(ai))i<n.

Now it is easy to see what we mean when we say that functors describe para-
metric datatypes. We can view any set A as a type and List(A) constructs the
list datatype known from many programming languages. That this datatype
is parametric means that we can construct it for any type A. Moreover, if we
have a “change of type” morphism f : A → B, we can map lists of type A by
List(f) to lists of type B.

Example 1.1.22 (Powerset). The covariant powerset functor P maps every set
to its powerset

PA = {Z | Z ⊆ A},
and functions are mapped to their corresponding direct image counterparts:

Pf(Z) = f [Z],

where f [Z] = {f(z) | z ∈ Z}.

Example 1.1.23 (Finitary powerset). The finitary powerset functorPω is a mod-
ification of the powerset functor. It maps every set to its finitary powerset. That
is, a set A is mapped to the set {Z | Z ⊆ A, Z finite}.

Building the polynomial functors Now we have enough intuition about func-
tors to introduce a very important class of functors: polynomial functors on
the category Set. These functors are inductively built from a few basic building
blocks and constructions. With them, we will be able to give another descrip-
tion of the List functor and we will see their importance once again in the Sec-
tion 2.2. They will serve to describe “interfaces” of various kinds of systems,
for example automata as we know them from automata theory.
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First we define the two building blocks of polynomial functors: constant
functor and identity functor.

Example 1.1.24 (Constant functor). Given a set C, the constant functor C :
Set→ Set maps all sets to C and all maps to the identity map on C.
Action on objects:

X 7→ C

Action on morphisms:
f 7→ idC

Despite its triviality, this functor allows for modeling outputs of different kinds
of systems.

Example 1.1.25 (Identity functor). The identity functor Id : Set → Set acts as
an identity map on both objects and morphisms.
Action on objects:

A 7→ A

Action on morphisms:
f 7→ f

This seemingly trivial functor will allow us to define internal states of systems
or automata.

The following examples describe operations on functors, which serve as a
means to construct new functors out of simpler ones.

Example 1.1.26 (Binary product of functors). Having two functors T and T ′,
we can form their product T × T ′ as well.
Action on objects:

A 7→ TA× T ′A

Action on morphisms:
f 7→ Tf × T ′f.

Having two datatypes T and T ′, forming their product can be thought of
as forming a struct or record datatype known from C or Pascal, containing
datatypes T and T ′.

Example 1.1.27 (Arbitrary sum of functors). Given a collection Ti : Set → Set,
where i ∈ I , we denote by

∐
i Ti : Set→ Set the functor defined as follows:(∐

i

Ti

)
(A) =

∐
i

TiA,

(∐
i

Ti

)
(f) =

∐
i

Tif.

That we have indeed defined a functor follows immediately from the universal
properties of coproducts.

Example 1.1.28. Using the datatype perspective of functors, the summing op-
eration describes combination of two datatypes: the functor List + P applied
to a set A creates a datatype consisting of lists over the set A or subsets of A,
and the mapping (List+ P)(f) operates as a map function or as a direct image
function depending on whether the input is a list or a set.

Later, this operation will for example allow us to talk about systems which
can terminate.
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Now we can finally define the class of polynomial functors using the build-
ing blocks and operations introduced above.

Definition 1.1.29 (Polynomial functors). We say that a functor T is polynomial if
it can be constructed inductively according to the following Backus-Naur form:

T ::= C | Id | T × T |
∐
i

Ti.

Remark 1.1.30. Some authors introduce another operation in their definition
of polynomial functors. This operation is called exponentiation, denoted T I and
for a set A it constructs the set (TA)I . This is a useful operation, because it
allows modeling of inputs for various systems. It is, however, equivalent to
the product operation.

For some examples, we are going to use the notation Tn when n is a finite
set, because this construction is equivalent to the n-fold product of T :

T 0 = 1; Tn+1 = T × Tn.

The formal ommision of the exponentiation operation in the definition of poly-
nomial functors will allow us to simplify the inductive proofs involving poly-
nomial functors.

Example 1.1.31 (List functor as a polynomial functor). We have seen in Exam-
ple 1.1.21 that the List functor applied to a set A forms a set of lists of finite
length. Since a list of length n can be thought of as an element of An, we can
see the definition of List as equivalent to the following polynomial functor:

List =
∐
n∈N

Idn,

which has object action
X 7→

∐
n∈N

Xn

and the morphism action precisely copies the morphism action of the List func-
tor, as the reader can easily check.

Definition 1.1.32. A functor T is said to preserve weak pullbacks if it maps
weak pullback squares to weak pullback squares. Concretely, for every weak
pullback, as seen in the following diagram,

P B

A C

p1

p2

f

g

the following diagram has to form a weak pullback as well:

TP TB

TA TC.

Tp1

Tp2

Tf

Tg
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So far all of the endofunctors of Set we introduced do preserve weak pull-
backs. This technical property will be important for us in the following text.

Natural transformations

Natural transformations can be seen as a collection of functions which trans-
forms one datatype into another in a “natural” way. Naturality in this context
means that the functions in the collection behave well with regard to substitu-
tion of the base type upon which the datatypes are built.

Definition 1.1.33 (Natural transformation). Given two functors T : X → Y
and T ′ : X → Y , a natural transformation ε from T : X → Y to T ′ : X → Y is
a collection of morphisms εA : TA → T ′A for every object A from X making
the following diagram commute for every morphism f : A→ B:

TA T ′A

TB T ′B

Tf

εA

εB

T ′f

We use the notation ε : T → T ′ for natural transformations.

Example 1.1.34 (List to powerset). We can make a set out of any list: for any
set A, there is a function εA : List(A)→ PA working as follows:

(ai)i<n 7→ {ai | i < n}.

This collection of functions gives a natural transformation ε : List→ P .
Moreover, for any A, the function εA is a surjection. We say that such col-

lection constitutes a natural epimorphism.

1.2 Many-valued structures and relations

Relations and their many-valued generalisations are going to play a central
role through the whole text. It will be very useful to regard relations as a spe-
cial kind of two-valued matrices. We are going to generalise the two-valued
matrices by allowing them to have entries from a given set V of values.

We start with the classical concepts first.

Definition 1.2.1 (Relation). A (binary) relation R : A 9 B is a subset of the
product A×B. We say that the pair (a, b) ∈ A×B is in relation R, denoted by
a R b, if and only if (a, b) ∈ R.

Definition 1.2.2 (Opposite relation). Given a relation R : A 9 B, its opposite
relation is Rop : B 9 A, and for elements b ∈ B, a ∈ A it holds b Rop a if and
only if a R b.
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Matrices We are going to view relations as matrices. Therefore, instead of
denoting R ⊆ A × B, we regard the subset R as its characteristic function
R : A×B → 2, and R(a, b) = 1 if and only if a R b holds.

Definition 1.2.3 (Relation composition). Two relations R : A 9 B and S :
B 9 C can be composed to give a relation S ◦ R : A 9 C defined as follows:
(S ◦R)(a, c) = 1 iff there is a b ∈ B such that a R b and b S c.

If we view relations as matrices, their composition is simply a generalised
multiplication of the matrices that represent them. In a formula,

(S ◦R)(a, c) =
∨
b∈B

(R(a, b) ∧ S(b, c)).

Here we use the two-element Boolean algebra to interpret the formula.

Definition 1.2.4 (Restriction of a relation). Given a relationR : A9 B and two
subsets A′ ⊆ A, B′ ⊆ B, we define the restricted relation R �A′9B′ : A′ 9 B′ as
follows: for two elements a′ ∈ A′ and b′ ∈ B′ it holds that R �A′9B′ (a′, b′) if
and only if R(a′, b′) holds.

Example 1.2.5 (The category of relations). The collection of all sets as objects
and the collection of all relations between sets as morphisms form a category.
Composition of relations is associative and the identity function on each set can
be viewed as a relation which fulfills the needed identity axiom. We denote the
category of sets and relations by Rel.

The reason we are interested in relations described as matrices is that this
representation allows us to generalise relations to many-valued relations in a
very natural way. Informally, we are just going to replace the two-element set
2 in the characteristic function of a relation by a larger set V , containing as
elements the degrees of relatedness.

In order to introduce many-valued relations, we need to introduce a set
of “truth values” together with algebraic operations which will allow us to
compute the composition of these relations. In the case of standard relations,
introduced in the previous section, this algebraic structure was a two-element
Boolean algebra.

Definition 1.2.6 (Commutative quantale). A commutative quantale V is a com-
plete lattice (V,

∧
,
∨
) with the structure of a commutative monoid (V,⊗, e)

such that the tensor is monotone and distributes over arbitrary joins.
More in detail, V being a complete lattice means that V is partially ordered

by ≤ and every subset V ′ ⊆ V has an infimum (or meet) and a supremum
(or join), denoted by

∧
V ′ and

∨
V ′ respectively. From this it follows that V

contains the greatest element> and the lowest element⊥. The fact that (V,⊗, e)
is a commutative monoid means that ⊗ is commutative, associative, and e is
the identity element:

v ⊗ e = v = e⊗ v.

The monotonicity of the tensor requires that

v ⊗ w ≤ v′ ⊗ w
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holds for v ≤ v′, and distributivity of tensor over arbitrary joins means that the
following equality (∨

i

xi

)
⊗ y =

∨
i

(xi ⊗ y)

is satisfied.

The structure of commutative quantales is the same as that of complete resid-
uated lattices, and residuated lattices have been intensively studied, see for ex-
ample [23]. These two structures differ in their notions of homomorphism.
We are, however, not going to use homomorphisms of commutative quantales,
and therefore these two structures coincide for our purposes.

Definition 1.2.7 (Complete Heyting algebra). A complete Heyting algebra V is a
commutative quantale where⊗ = ∧ and e = >. In other words, it is a complete
lattice (V,

∧
,
∨
) where the meet operation distributes over arbitrary joins:(∨

i

xi

)
∧ y =

∨
i

(xi ∧ y).

Definition 1.2.8 (Gödel chain). We say that a complete Heyting algebra V is a
Gödel chain if the ordering relation ≤ of the underlying lattice of V is a linear
order, that is, for two elements v 6= v′ it either holds that v ≤ v′ or v′ ≤ v.

Remark 1.2.9 (Residuation). We shall use the residuation operation of Heyting
algebras and Gödel chains in the Chapter 4. For two elements v and w from V
we define the residuation operation v → w as follows:

v → w =
∨
{u ∈ V | v ∧ u ≤ w}.

In the case of V being the two-valued Boolean algebra, residuation coincides
with the notion of implication.

We can use quantales, Heyting algebras and Gödel chains to define many-
valued relations. The definition will be a straightforward generalisation of the
matrix approach to standard relations.

Definition 1.2.10 (Many-valued relation). For a given quantale V , a many-
valued relation R : A 9 B is a function R : A × B → V . We view this function
as a V -valued matrix.

We compose two relations R : A 9 B and S : B 9 C to get a relation
S ◦R : A9 C such that

(S ◦R)(a, c) =
∨
b∈B

(R(a, b)⊗ S(b, c))

holds in V . See that in the case V is a complete Heyting algebra, the preceding
equation is syntactically exactly the same as the equation for standard relations.
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Relation ordering Let us have two relations R : A 9 B and S : A 9 B. We
say thatR ≤ S if and only if for every a ∈ A and b ∈ B the following inequality
holds:

R(a, b) ≤ S(a, b).

We also sometimes denote this inequality diagramatically as follows:

A B

⇒

R

S

Definition 1.2.11 (2-functor). We say that a functor T : Rel→ Rel is a 2-functor
if it is locally monotone: for relations two relations R and S, if R ≤ S it holds
that

TR ≤ TS.

Notation Sometimes we can use a R b to denote the value R(a, b), mimicking
the notation for standard relations. To be more succint, we say that R is a V -
relation instead of calling it a “many-valued relation for a quantale V ”.

Definition 1.2.12 (Opposite V -relation). Given a V -relation R : A 9 B, its
opposite V -relation is Rop : B 9 A, and for elements b ∈ B, a ∈ A it holds

Rop(b, a) = R(a, b).

The opposite of a relation is an example of an operation on matrices. In
the following chapters, we will show another interesting operation, namely
relation “lifting”, which will be of crucial importance.

Definition 1.2.13 (Restriction of a V -relation). Given a V -relation R : A 9 B
and two subsets A′ ⊆ A, B′ ⊆ B, we define the restricted V -relation R �A′9B′ :
A′ 9 B′ in the same manner as we defined restrictions for two-valued rela-
tions: for two elements a′ ∈ A′ and b′ ∈ B′ we define

R �A′9B′ (a′, b′) = R(a′, b′).

Example 1.2.14 (The category of V -relations). The collection of all sets and of
V -relations between sets is another example of a category. There is an identity
V -relation idA for every set A:

idA(a, a
′) =

{
e if a = a′

⊥ otherwise.

An easy computation yields that V -relation composition is associative. We
therefore have a category, which we denote as V -mat (meaning V -matrices).

The following are examples of functors which are not endofunctors of Set.

Example 1.2.15 (Graph functor). Functions are often defined as special rela-
tions. Because of this, we can construct a functor gr : Set → Rel, which is
identity on objects, and it sends a function f : A→ B to its graph:

gr(f) = {(x, f(x)) | x ∈ A}.
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Example 1.2.16 (Relation inclusion functor). Every relation can be viewed as
a V -relation in the following sense: let R : A 9 B be a relation in Rel. Then
I(R) : A 9 B is a V -relation in V -mat, and I(R)(a, b) = e if and only if
R(a, b). Otherwise I(R)(a, b) = ⊥. This is the morphism action of a functor
I : Rel→ V -mat, which acts on objects as identity.

Example 1.2.17 (V -graph functor). We define the V -graph functor Gr : Set →
V -mat as the composition I ◦ gr : Set → V -mat and consider it a direct gener-
alisation of the usual graph functor gr.
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Chapter 2

Coalgebras and coalgebraic
logics

In this chapter we will introduce the theory of coalgebras and their logics.
Coalgebras have received much attention in the last decade, mainly because
of their usefulness in computer science. As it is possible to use universal al-
gebra to specify abstract datatypes [54], we can use coalgebras to model non-
terminating systems, such as processes. Coalgebras can also be used for spec-
ification of object-oriented programming languages. The theory of universal
coalgebra has been introduced in [49]. Introductory texts concerning coalge-
bras include [25], [32] and [3].

When talking about various systems and their behaviour, it is very often
useful to abstract from discussing their inner states. In many cases we are
much more interested in the observable behaviour of the systems. In program
verification, we want to know whether the program enjoys certain observable
properties: providing a defined output for some known input, never ending
in a deadlock and so on. Given a deterministic automaton, we are interested
in the language it accepts. It is therefore natural to ask whether there is a way
to capture the notion of systems’ behaviour. For many systems, the answer to
these queries is positive: we can introduce logics with just enough expressive
power to distinguish systems which have different behaviour. The first gen-
eral treatment of such logics appeared in [45]. The reader may also wish to
consult [38] or [20].

2.1 Examples of systems

Before we give the definition of a coalgebra, we are going to show few basic ex-
amples of different systems that can be modeled using coalgebras. To show the
versatility of the notion of coalgebra, we first introduce these various systems
without the use of coalgebraic formalism.

Example 2.1.1 (Streams). Imagine a simple process-like program which regu-
larly switches its internal state and can provide a information associated to its
current state on demand. We can try to make a simple model of this program.
Let S be the set of the internal states of the program and A the set of outputs
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the program can provide. Then we can model the switches of internal states by
a function f : S → S. For each internal state we then associate the output. This
can be done by a function o : S → A.

Example 2.1.2 (Binary trees). Imagine now we would like to describe a data
structure which encodes a proper binary tree (where each node has either 0
or 2 children), which can possibly have infinite depth. Note that these kinds
of structures are applicable in functional programming languages with lazy
evaluation, for example in Haskell. This data structure can be modeled by a
set N of nodes, a subset B ⊆ N of nodes with two children, and two functions
l : B → N and r : B → N , which for each branching node associate its left
and right child respectively. We can then draw a tree with a root r ∈ N by
unfolding, that is, if a node n that has already been drawn is contained in B,
we draw its left and right children l(n) and r(n). This process of drawing may
not terminate in finite time. However, it is possible to encode a tree with infinite
depth by a model with a finite set N . Consider the set N = {n} together with
the functions l : n 7→ n and r : n 7→ n. Then the drawing is an infinite complete
binary tree.

Example 2.1.3 (Deterministic automata [30]). The standard definition of a de-
terministic automaton is as follows:
We have to be given a (finite) set of states S, a (finite) set of inputs I , a function
δ : S × I → S which encodes how the automaton switches its internal states
with respect to the input it gets, a start state s0 and a set F ⊆ S of final states.

The notion of a deterministic automaton is very important in automata the-
ory and in computer science applications. It can be used as a programming
scheme in text-searching programs, or to define any regular language. Equiva-
lently, it can distinguish strings that follow the pattern of a regular expression
from those that do not follow that pattern.

Example 2.1.4 (Kripke frames [12]). Kripke frames are of great importance in
modal logic, they are the central notion in semantics of standard modal logic.
A Kripke frame is a set S of states (sometimes denoted W as a set of “worlds”)
together with a relation R : S 9 S. This relation is called accessibility relation
and R(s, s′) denotes that it is possible to get from a state s to the state s′.

Notice that the common characteristic for these very different examples is
that they carry or can describe infinitary behaviour; streams never stop chang-
ing the state, trees can grow into infinite depths, deterministic automata can
process any string, without any finite bound on the length on the string.

2.2 Coalgebras and systems

In this section we give the definition of a coalgebra and a coalgebraic momor-
phism and we show how this gives us a very general framework to talk about
various systems. The examples of “coalgebraised” systems from the previous
section are meant to convince the reader that this framework is indeed useful.

Definition 2.2.1 (Coalgebra). A coalgebra for a endofunctor T : Set → Set (a
T -coalgebra) is a pair (A, c), where A is a set and c is a function c : A→ TA.
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We can think ofA as of a set of inner states of the coalgebra c, and the shape
of T determines the shape of the successor structure of states of A.

Coalgebras can be more generally defined for endofunctors of a base cat-
egory different from Set. However, in this thesis we will restrict ourselves to
endofunctors of Set.

Definition 2.2.2 (Coalgebraic momorphism). Given two T -coalgebras c : A→
TA and d : B → TB, we say that f : A → B is a coalgebraic momorphism if the
following diagram commutes:

A B

TA TB

c

f

Tf

d

Coalgebras for a functor T and their coalgebraic momorphisms form a cate-
gory Coalg. The composition of two coalgebraic momorphisms f : A→ B and
g : A → B is the function composition g ◦ f : A → C. The fact that these data
indeed constitute a category is easy to check.

Now we are going to show that the examples of systems shown in Sec-
tion 2.1 are in fact coalgebras.

Example 2.2.3 (Streams). Streams with a fixed set of outputsA can be modeled
as coalgebras for the functor A × Id. Indeed, if we have a stream with a set of
states S, a switch function f : S → S and an output function o : S → A, we
can associate with this stream a coalgebra c : S → A × S which acts on states
as follows:

c(s) = (o(s), f(s)).

From this coalgebraic representation of our stream we can retrieve the previous
one just by composing c with the respective projections of the product A × S.
Note how we have used the constant functor A to model output.

Example 2.2.4 (Binary trees). In the case of binary trees (Example 2.1.2), it is
apparent that we can form a function

〈l, r〉 : B → N ×N,

which is, however, not in the form we need. There can be nodes in N which do
not have any child. This is exactly an example of situation where different inner
states of a system can lead to different successor structures. We can therefore
use a sum of two different functors to model this situation. Let 1 = {∗} be a one
element set. Then we can use the functor T = Id × Id + 1 to model coalgebras
of binary trees. Define c : N → N ×N + 1 as follows:

c(n) =

{
〈l, r〉(n) if n ∈ B
∗ otherwise.

The fact that c(n) = ∗ just means that n /∈ B.
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Example 2.2.5 (Deterministic automata). To capture the deterministic automata
from the Example 2.1.3 coalgebraically, fix the finite input set I and the set
2 = {0, 1}. We then claim that coalgebras for the functor T = 2 × IdI contain
the information needed to reconstruct the standard definition of a deterministic
automaton (excluding only the start state). Indeed, a coalgebra c : S → 2× SI
says for each state whether it is or is not a finish state, and gives a future state
for each input from I .

Example 2.2.6 (Kripke frames). In the case of Kripke frames, we have to trans-
form the accessibility relation R to the form of a function. It is enough to ob-
serve that for each state s ∈ S we can form a subset S′ = {s′ ∈ S | R(s, s′)}.
Kripke frames are therefore coalgebras for the powerset functor: c : S → PS.

These examples hopefully illustrate the versatility of coalgebras.

Generalisation of Kripke frames We are now going to introduce one addi-
tional functor, which will allow us to generalise Kripke frames to have a many-
valued accessibility relation.

Example 2.2.7 (V -powerset functor). We are generalising the powerset functor.
It is fruitful to view subsets of a set A as characteristic functions µZ : A → 2.
More succintly, we see that on objects there is an isomorphism P(A) ∼= 2A. For
a given quantale V , there is therefore a reasonable generalisation of the object
part of the powerset functor. Let us define the object mapping PV as follows:

A 7→ V A

The action of PV on morphisms can be defined to extend the powerset func-
tor morphism action in the following manner: given a function f : A → B,
the function Pf is a function with domain 2A and codomain 2B . Therefore,
it transforms functions of the form µZ : A → 2 to functions µf [Z] : B → 2.
More in detail, a subset Z ⊆ A (represented by a characteristic function µZ) is
mapped to the function

b 7→ sup
a∈A
f(a)=b

µZ(a).

It is then straightforward to generalise this such that for a function f : A → B
we get a functionPVf : V A → V B . Again, a characteristic function µZ : A→ V
is then just mapped by V f to a function which acts as follows:

b 7→
∨
a∈A
f(a)=b

µZ(a).

Note that we have used only the lattice structure underlying the quantale
V . It is indeed possible to define the V -powerset functor for any complete
lattice, which need not be a quantale.

We can use the newly introduced functor to form an interesting class of
coalgebras.

Example 2.2.8 (V -Kripke frames). The coalgebras for the PV functor can be
thought of as generalised Kripke frames with a many-valued accessibility rela-
tion. Given a coalgebra c : S → PVS, it is possible to view it as a set of states S
together with a V -relation R : S 9 S, where R(s, s′) = c(s)(s′).
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2.3 Logics for coalgebras

We have shown various examples of systems that can be modeled by coalge-
bras. For some of these systems we know of logics that capture their behaviour.
First we show examples of such logics that are in some sense “ad hoc”: they
do not arise from a general theory which would provide us expressive logics
parametric in the choice of the functor.

Example 2.3.1 (Streams). Consider coalgebras for the functor A × Id, streams
with outputs from A. Then there is a simple logic which exactly distinguishes
behaviour of streams, not their inner structure. Construct a language L given
be the following Backus-Naur form

ϕ ::= a | 〈next〉ϕ,

where a is an element from A. The semantics of the logic is the expected one.
For a coalgebra c : S → A × S, we define the forcing relation c: A 9 L
inductively:

s c a iff p1(c(s)) = a

s c 〈next〉ϕ iff p2(c(s)) c ϕ.

We will now show simple examples that show in what sense the logic we in-
troduced captures the behaviour of streams: it is adequate, which means it is
preserved by behavioural equivalence, and it is expressive, which means it can
distinguish behaviorally nonequivalent states.

Consider c : S → A × S, where A = {a1, a2} and S = {s1, s2}, the coal-
gebraic structure defined as c(s1) = (a1, s2), c(s2) = (a2, s1). Then take a
second coalgebra, d : W → A × W , with W = {w} and d(w) = (a1, w).
Clearly the behaviour of c, starting from the state s1, gives us a sequence of
outputs (a1, a2, a1, . . . ), whereas the behaviour of d starting from w is a se-
quence (a1, a1, . . . ). We can find a formula that holds in s1, but does not hold
in w: It is true that

s1 c 〈next〉a2,

but it is definitely not the case that w d 〈next〉a2.
On the other hand, suppose we have a third coalgebra, e : V → A × V ,

where V = {v1, v2} and the function e is defined as e(v1) = (a1, v2) and e(v2) =
(a1, v1). Then again the behaviour of e starting from v1 is a sequence of outputs
(a1, a1, . . . ). And by a simple inductive argument over the length of formulas,
we see that for any formula ϕ it holds that

w d ϕ iff v1 e ϕ.

These two examples should be sufficient to show in what sense the logic we
introduced captures behaviour of streams: it is adequate, which means it is
preserved by behavioural equivalence, and it is expressive, which means it can
distinguish behaviourally nonequivalent states.

Example 2.3.2 (Kripke frames). For coalgebras of the form c : S → PωS, it is
known that the standard modal logic with modalities 2 and 3 is expressive.
We refer the reader to [12] for an extensive introduction into the field of modal
logic.
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From the preceding examples it is apparent that for some kinds of coalge-
bras it is possible to construct logics with interesting properties. In the follow-
ing sections, we are going to introduce techniques used to construct logics for
coalgebras for a large class of functors.

2.4 Relation lifting

Relation lifting is an operation on relations which allows us to take any relation
between two given sets and returns a relation between datatypes constructed
on top of the given sets. We are first going to show some examples of liftings
for simple functors (datatypes). Then we will show a general definition for
arbitrary functors, show some more examples using the general definition, and
state an important theorem regarding the functoriality of the lifting operation.

The reason we are interested in this operation is that it will allow us to
introduce semantics for Moss’ coalgebraic modality and it will give us a notion
of bisimulation. All these aspects will be addressed in more detail later in the
text.

In [34] there is a detailed study of the properties of relation lifting together
with detailed references.

2.4.1 First examples

Example 2.4.1 (Arrays of length 2). Let us have a (two-valued) relation R :
A 9 B and a functor Id× Id. This functor can be thought of as a datytype that
creates, for a given type A, a datatype of arrays of length 2 for that type: A×A.
Is there a natural way to define a relation A×A→ B ×B given the relation R.
We could then say that we can lift the relation R to live over arrays of length 2.
It seems most natural to define the lifted relation denoted byR in the following
way:

R((a1, a2), (b1, b2)) if and only if R(a1, b1) and R(a2, b2).

This is what we would expect to be the result of relation lifting when applied
to this specific example.

Moreover, this approach can be generalised to arrays of arbitrary fixed
length, with the definition only slightly altered.

Example 2.4.2 (Lists). Now suppose we do not want to work just with arrays
of length 2, but with lists of different lengths. Let us first examine the simpler
case of the functor Idn for a given n. Taking again the relation R : A 9 B, let
us define R as follows:

R((ai)i<n, (bi)i<n) if and only if for all i < n : R(ai, bi).

We will try to generalise this further and try to lift the relation R with the
functor List. Intuitively, two lists should be in relation R if they have the same
length and their corresponding elements are linked by relation R. Concretely,
let us have two lists l1 and l2 of lengths m and n, so l1 = (ai)i<m and l2 =
(bi)i<n. We now say that R(l1, l2) if and only if m = n and for every i < m it
holds thatR(ai, bi).Again, this seems to be the right way relation lifting should
work in this specific case.
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2.4.2 Relation lifting in general

In the previous two examples, we were given a relation over two sets, we con-
structed some datatypes over these two sets, and then we wanted to find out
a suitable relation, which would relate the instances of these datatypes. We
know that datatypes can be modeled by functors. Is there now a general def-
inition, which would tell us how to lift any relation to work over any func-
tor (datatype)? We are going to show now a span representation of relations,
which will immediately allow us to define relation lifting for any functor. Re-
lation lifting, defined via spans, first appeared in [7].

Definition 2.4.3 (Relations as spans). If we have a relation R : A 9 B, we say
that its span representation is a diagram

R

A B

p1 p2

where R is the set of ordered pairs from A × B which are related, and the
morphisms p1 and p2 are projections to A and B respectively.

See that p1 and p2 in the previous definition are just the projection mor-
phisms of the product A × B precomposed with the inclusion morphism of R
into A×B.

Definition 2.4.4 (Relation lifting). For a relation R given by the span represen-
tation as above and for a functor T , we can get the following diagram

TR

TA TB

Tp1 Tp2

by applying the functor T to the span representation. We say that two elements
α ∈ TA and β ∈ TB are in relation TR if there is a witness γ ∈ TR such that it
projects on α and β via Tp1 and Tp2, respectively. More explicitly, we say that
the relation lifting TR of the relation R is defined as follows:

TR = {(α, β) | (∃γ ∈ TR) : Tp1(γ) = α and Tp2(γ) = β}.

This definition generalises the preceding examples and allows us to com-
pute some more involved examples as well.

Example 2.4.5 (Stream lifting). Given a relationR : A9 B and a functorC×Id,
the lifted relation C × Id(R) : C ×A9 C ×B is defined this way:

C × Id(R)((c1, a)(c2, b)) iff c1 = c2 and R(a, b).

Example 2.4.6 (Lifting for polynomial functors). Relation lifting for polynomial
functors can be defined inductively by the following rules:
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• For the constant functor C: C(R) = idC .

• For the identity functor Id: Id(R) = R.

• For the sum of functors T + T ′:

T + T ′(R) = T (R) ] T ′(R).

• For the product of functors T × T ′:

T × T ′(R) = {((α, α′), (β, β′)) | T (R)(α, β) and T (R′)(α′, β′)}.

Example 2.4.7 (Powerset lifting). Suppose we work with the powerset functor
P and want to find out how does the relation lifting PR of the relation R :
A9 B look like. Unraveling the definition, we see that two subsets α ⊆ A and
β ⊆ B are in the relation P(R)(α, β) exactly when they satisfy the Egli-Milner
covering property, which means that the following two conditions must hold:

∀a ∈ α ∃b ∈ β : R(a, b)

∀b ∈ β ∃a ∈ α : R(a, b).

Example 2.4.8 (Finitary powerset lifting). For the finitary powerset functor Pω
the relation lifting is exactly of the same form as for the powerset functor P .
This is another general property of the lifting, see [34].

Example 2.4.9 (V -powerset lifting). We would now like to compute relation
lifting for the PV functor.

Remembering the definition we know that for α ∈ PV(A), β ∈ PV(B) we
have

PV(R)(α, β) iff (∃w ∈ PV(R)) : ((PV(p1)(w) = α) and (PV(p2)(w) = β)).

In the case of our functor PV , we get that PV(R)(α, β) iff the following two
conditions hold:

∀a ∈ A :
∨

R(a,b)

β(b) = α(a),

∀b ∈ B :
∨

R(a,b)

α(a) = β(b).

This follows directly from how the PV functor is defined to act on morphisms.
In the case that the underlying lattice of V is a chain and α, β are functions

with finite support (meaning that α(a) > ⊥ holds only for a finite number of
elements a ∈ A), these two conditions change into much simpler requirements.
It holds that PV(R)(α, β) if and only if both of the following conditions ar esat-
isfied:

∀a ∈ A,α(a) > ⊥ : ∃b ∈ B : (R(a, b) ∧ (α(a) ≤ β(b))),
∀b ∈ B, β(b) > ⊥ : ∃a ∈ A : (R(a, b) ∧ (β(b) ≤ α(a))).

Why should this be true? We can help ourselves by looking again at the dia-
gram used for defining relation liftings:
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PVR

PVA PVB

PVp1 PVp2

If for some a ∈ A we know that α(a) = x > ⊥, it must be the case that there is
a witness w ∈ PV(R) such that w(a, b) = x for some b ∈ B which is moreover
related to a (it holds that R(a, b)). By definition of PVp2, it is now apparent that
β(b) ≥ x and therefore α(a) ≤ β(b). The second requirement can be obtained
similarly. We have therefore proven that if the two elements α and β are in
the lifted relation PV(R), the lifting has the two properties listed above. In the
other direction, we have to prove that if α and β satisfy these two properties,
then they are in the lifted relation PV(R). We just find an appropriate witness
w ∈ PV(R). Set w(a, b) = α(a) ∧ β(b) for each pair a ∈ A, b ∈ B. The two
properties assure us that PV(p1)(w) = α and PV(p2)(w) = β.

The finite support condition reminds us of the finite powerset functor: the
elements α and β can be thought of as generalised subsets, “fuzzy” subsets of
A or B. If α has finite support, it just means that α is a “finite fuzzy subset” of
A, generalising the notion of finite subsets when working with the Pω functor.

Note 2.4.10. All Set endofunctors we have introduced so far preserve weak
pullbacks, with the exception of the PV functor. The weak pullback preser-
vation property depends on the choice of V . In the case that the underlying
lattice of the quantale V is itself a complete Heyting algebra, PV as a functor
preserves weak pullbacks. We are going to prove this fact below. The property
of weak pullback preservation is important with regard to relation lifting, as
we will see in the next subsection.

Lemma 2.4.11 (Weak pullbacks and PV ). There exists a quantale V for which the
functor PV does not preserve weak pullbacks.

Proof. Take the 6-element quantale with a 4-element antichain (a subset of ele-
ments of V such that each pair from this subset is incomparable) and name the
incomparable elements q1, q2, q3, q4.

e

q1 q2 q3 q4

⊥

Then let A = {a1, a2}, B = {b1, b2}, C = {c} and consider the unique two
functions f : A → C and g : B → C. The pullback of f and g coincides with
the product A × B. Now for two elements α ∈ PV(A), β ∈ PV(B) such that
α(a1) = q1, α(a2) = q2 and β(b1) = q3, β(b2) = q4 we see that they get mapped
to the same element by the maps PV(f) and PV(g). If PV preserved weak
pullbacks, we would be able to find a witness w ∈ PV(A × B) which would
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project to α and β, or, in other words PV(p1)(w) = α and PV(p2)(w) = β.
However, this is not possible, as there is no such function w : A × B → V ,
as can be easily checked (for example by trying all possible functions from
PV(A×B)).

Note that the underlying lattice was chosen not to be distributive, otherwise
we could not construct such a counterexample. In fact, we shall prove that
distributive lattices (or complete Heyting algebras for lattices with infinitely
many elements) allow us to construct the witness function w.

Lemma 2.4.12 (PV preserves weak pullbacks for distributive V ). For each quan-
tale V whose underlying lattice is a complete Heyting algebra, the associated functor
PV does preserve weak pullbacks.

Proof. Let us form a pullback (P, p1, p2) of two functions f : A → C and g :
B → C. The functor PV preserves weak pullbacks if and only if for each α ∈
PV(A) and β ∈ PV(B) such that PV(f)(α) = PV(g)(β) there is a witness w ∈
PVP such that PV(p1)(w) = α and PV(p2)(w) = β.

The fact that PV(f)(α) = PV(g)(β) implies that for every c ∈ C it holds that∨
f(a)=c

α(a) =
∨

g(b)=c

β(b).

The witnessing function w ∈ PV(P ) has to be of the form w : P → V , therefore
it assigns a value v ∈ V to pairs (a, b) such that f(a) = g(b). To say that
PV(p1)(w) = α and PV(p2)(w) = β is to say that for every a ∈ A∨

{b|(a,b)∈P}

w(a, b) = α(a)

holds, and for every b ∈ B ∨
{a|(a,b)∈P}

w(a, b) = β(b).

Let us define w as follows:

(a, b) ∈ P 7→ α(a) ∧ β(b).

Then we see that for each a ∈ A it holds that∨
{b|(a,b)∈P}

w(a, b) =
∨

{b|(a,b)∈P}

(α(a) ∧ β(b)) = α(a) ∧
∨

{b|(a,b)∈P}

β(b),

and moreover we can infer that∨
{b|(a,b)∈P}

β(b) =
∨

g(b)=f(a)

β(b) =
∨

f(a′)=f(a)

α(a′) ≤ α(a),

which proves that indeed for every a ∈ A∨
{b|(a,b)∈P}

w(a, b) = α(a).
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The second equality, namely that∨
{a|(a,b)∈P}

w(a, b) = β(b)

holds for every b ∈ B is proved in the same way. Therefore the functor PV
preserves weak pullbacks.

2.4.3 Properties of relation lifting

Relation lifting has many interesting and useful properties, some of which we
are going to discuss here (without proofs). We mostly refer to [34] for the inter-
ested reader.

If we deal with a weak pullback preserving functor T (see Definition 1.1.32),
it can be shown that the relation lifting can be used to define a functor T on the
category Rel of sets and relations, and much more.

Theorem 2.4.13 (Functoriality of the lifting — [52]). A set functor T preserves
weak pullbacks if and only if there exists a 2-functor T : Rel → Rel such that the
following square commutes:

Rel Rel

Set Set

T

gr

T

gr

Weak pullback preservation is necessary to keep T preserve the composi-
tion of relations.

Theorem 2.4.13 informs us about the following four properties of relation
lifting for weak pullback preserving functor T :

• T preserves the identity: T (idA) = idTA.

• T preserves composition: T (S ◦R) = T (S) ◦ T (R).

• T is locally monotone: R ≤ S implies that T (R) ≤ T (S).

• T is an extension of T : Tf = Tf .

Relation lifting moreover has the following properties:

• T commutes with opposites: T (Rop) = (TR)op .

• T commutes with restrictions: T (R �A′9B′) = T (R) �TA′9TB′

The properties we have introduced are going to be useful later in the text.
We do not prove them here, we however prove analogous properties of the
many-valued relation lifting later in Chapter 3. We refer the reader to [34] for
a broader overview of relation lifting.
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2.5 Finitary functors

Now we are going to introduce an important property of certain functors,
which we will further require of every functor in later text for technical rea-
sons.

Definition 2.5.1. We say that a set functor T is finitary if and only if for every
set X it holds that

TX =
⋃
{TY | Y ⊆ X,Y finite}.

This definition can help us when dealing with infinite sets. Suppose we
have an infinite set X and take an element α ∈ TX . Now we know that there
is a finite set Y such that α ∈ TY . This way we can easily forget that we were
dealing with a large set and we can turn our attention to finite sets, which helps
immensely in many cases.

Example 2.5.2 (Lists). The List functor is a nice example of a finitary functor.
Why is this functor finitary? We need to ask whether for any α ∈ List(A) there
is a finite subset Z ⊆ A for which α is in List(Z). We know that α is a finite
list of elements from A, say (a1, . . . , an), with possible repetitions. Since the
list is finite, there are only finitely many different elements of A, and therefore
we can take the finite set {a1, . . . , an} of these elements and denote the set by
Z. Clearly, the list α is contained in the set List(Z) of all lists generated by Z,
because every element of α is contained in the set Z.

The main message of this example should be that even when we are dealing
with infinite alphabets, the actual words created from this alphabet have just a
finite number of symbols, and therefore every single word can be written using
a finite alphabet.

Example 2.5.3 (Finitary powerset). The finitary powerset functor, denoted by
Pω , is a finitary functor. This functor assigns to a set A the set PωA of all finite
subsets of A. Similarly to the previous example, we will look at an arbitrary
element Z ∈ PωA, so Z is a finite subset of A. Our task is to find some finite
set B such that Z belongs to PωB, or, in other words, Z ⊆ B. See that we can
always do this: just take the set B to be Z itself. We know that Z is finite and
that Z ∈ PωZ, which is exactly what we needed.

The message is again that a finite subset Z of a possibly infinite set A can
always be found by looking at subsets of an appropriate finite subset of A.

Example 2.5.4 (Counterexample — unbounded powerset). Now we are going
to look at an example of a functor that is not finitary. The unbounded powerset
functor P is not finitary: suppose we take the set N of natural numbers and
construct the set PN. The set N itself is an infinite set that is an element of PN,
and there is no finite subset M ⊆ N such that N would be in PM . This follows
from the fact that any subset of a finite set is finite.

We have seen that not all functors are finitary. But there is a way to make a
finitary modification of any functor.

Definition 2.5.5. For any functor T we define its finitary modification Tω in the
following way:

TωA =
⋃
{TZ | Z ⊆ A,Z finite},

Tωf = Tf.
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See that Tω indeed is finitary by definition. This allows us to rephrase the
definition of a finitary functor: a functor T is finitary if and only if T = Tω .

Warning It is important to notice that finitarity of a functor T does not mean
that the sets TX are finite for anyX . It is even false to say that given a finite set
X , the set TX would be finite. An easy counterexample is the set LX of words
over the alphabet X = {a, b}: the alphabet is finite and still there is an infinite
number of words over this alphabet.

Example 2.5.6 (Finitary V -powerset functor). The finitary modification of the
V -powerset functor behaves the same as the functorPV with a slight difference
in the object part of the functor. For any set A, the object PVω(A) consists of all
functions α : A → V which have finite support. That means that α ∈ PVω(A)
exactly if cardinality of the set {a | α(a) > ⊥} is finite.

Note 2.5.7. In the rest of the text, whenever we are going to talk about the PV
functor, we will have its finitary modification in mind.

The discussion in this section leads us to the notion of base: we want to
formalise and generalise the observation that each list l ∈ List(A), generated
possibly from an infinite alphabet A, can be generated from a certain minimal
alphabet A′, which we will denote Base(l).

Definition 2.5.8 (Base). For a finitary weak pullback preserving functor T we
define a natural transformation

Base : T → Pω

as follows: for a set A and an element α ∈ TA,

BaseA(α) =
⋂
{A′ ⊆ A | α ∈ TA′}.

Proposition 2.5.9. The transformation from Definition 2.5.8 is indeed well-defined
and natural. For an element α ∈ TA, the set Z = BaseA(α) is the minimal finite set
such that α ∈ TZ.

For more information about bases, see [34].

2.6 Bisimulation

Having introduced the notion of relation lifting, we can use it for defining one
more core concept which is very useful, namely bisimulation. Bisimulation is
closely related to the notion of behavioural equivalence, which we have infor-
mally introduced when talking about streams in Example 2.3.1. The notion of
bisimulation is thoroughly dealt with in [50], we are only going to introduce
the basic definitions.

Definition 2.6.1 (Behavioural equivalence ([37])). Given two coalgebras c :
A → TA and d : B → TB, we say that two states a ∈ A and b ∈ B are be-
haviourally equivalent if there is a coalgebra z : Z → TZ and two coalgebraic
morphisms f : A→ Z and g : B → Z (as can be seen on the following commu-
tative diagram)
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A Z B

TA TZ TB,

c

f

z d

g

Tf Tg

where moreover f(a) = g(b) holds.

Definition 2.6.2 (Bisimulation ([49])). We say that a relation R : A 9 B is a
bisimulation between coalgebras c : A → TA and d : B → TB if the following
implication holds for every a, b:

R(a, b)⇒ T (R)(c(a), d(b)).

Equivalently, we say that R is a bisimulation if we can find a coalgebra z :
R → TR such that the projections become coalgebraic morphisms, that is, the
following diagram.

A R B

TA TR TB

c

p1 p2

z d

Tp1 Tp2

commutes. Two states a, b are said to be bisimilar if they are related by some
bisimulation R.

2.7 Moss’ logic

Now we have all the needed definitions to introduce logics for coalgebras for
a wide range of functors, parametric in the choice of the functor. If someone
gives us a weak pullback preserving functor T , we can form an expressive
logic for T -coalgebras. We refer here to the paper [45] by Larry Moss which
introduced the ideas presented here.

The logic is modal in nature: we shall introduce a modality ∇, which will
be used to describe how the successor structure looks like in some state.

In the definitions that follow, let us fix a finitary weak pullback preserving
functor T .

Definition 2.7.1 (Syntax). We construct the languageL of the coalgebraic Moss’
logic inductively:

L0 3 ϕ ::= ⊥ | ¬ϕ | ϕ ∧ ϕ | ϕ ∨ ϕ
LTi = T (Li)
Li+1 : 3 ϕ ::= ⊥ | ¬ϕ | ϕ ∧ ϕ | ϕ ∨ ϕ | ∇α, where α ∈ LTi
L =

⋃
i Li

Observe that the construction ofL proceeds by layers: we have the standard
boolean part of the language with the ⊥ element, negation, disjunction and

38



conjunction, then we add the modal part of the language and repeat. To see
this construction in more detail, we point to the paper [34], Section 5.1.

Now in the semantic part we are going to use relation lifting to give mean-
ing to modal formulas.

Definition 2.7.2 (Semantics). For a coalgebra c : A → TA, define the forcing
relation c: A9 L inductively as follows:

a 1c ⊥,
a c ¬ϕ iff a 1c ϕ,
a c ϕ ∧ ψ iff a c ϕ and a c ψ,
a c ϕ ∨ ψ iff a c ϕ or a c ψ,
a c ∇α iff T (c)(c(a), α).

Well-definedness of this definition of semantics for our logic is discussed
in Section 5.2 of [34] and it follows from the fact that relation lifting commutes
with restrictions (Definition 1.2.4).

Theorem 2.7.3 (Expressivity). The introduced language is expressive with regard to
behavioural equivalence. That is, for two coalgebras c : A→ TA and d : B → TB two
states a, b are behaviourally equivalent if and only if they satisfy the same formulas:
for every ϕ ∈ L it holds that a c ϕ if and only if b d ϕ.

This theorem is a finitary variation of results in [45]: the original result al-
lowed for using a non-finitary functor T , but to save the expressivity of the
language, it is necessary to introduce infinitary connectives.

Now we are going to show examples of coalgebraic logics for streams,
Kripke frames and V -Kripke frames, especially the semantics of the ∇modal-
ity. We are interested in coalgebras for the finitary modifications of the respec-
tive functors to get an expressive logic.

Example 2.7.4 (Streams). In the case of streams for the functor Z × Id, we see
that the syntax of the logic is

ϕ ::= ⊥ |¬ϕ | ϕ ∧ ϕ | ϕ ∨ ϕ | ∇(z, ϕ),

where z ∈ C. For a coalgebra c : A→ Z ×A and a state a ∈ A, we shall look at
the meaning of the modal formula∇(z, ϕ). Let c(a) = (z′, a′). Then

a c ∇(z, ϕ) iff z = z′ and a′ c ϕ.

Even though the logic introduced here and the logic from Example 2.3.1 are
not the same, the logic introduced here has enough expressive power to distin-
guish two states that are not behaviourally equivalent.

Example 2.7.5 (Kripke frames). In the case of finitely branching Kripke frames
(Pω-coalgebras), we see that the syntax of the logic is the same as in the case
of streams, only the modality is different. We will therefore look at the syntax
and semantics of this modality. To form a modal formula ∇α, we have to take
a finite subset α ∈ Pω(L) of formulas. Therefore α = {ϕ1, . . . , ϕn} for some
n ∈ N. Having a coalgebra c : A → Pω(A), we get that a c ∇α if and only if
the following two properties hold:

∀ϕ ∈ α ∃a′ ∈ c(a) : a′ c ϕ
∀a′ ∈ c(a) ∃ϕ ∈ α : a′ c ϕ.
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This semantics copies the structure of the relation lifting for the Pω functor.
But it is important to notice that this interesting modality can be defined by the
standard modalities, 2 and 3 (where 3α = {3ϕ | ϕ ∈ α}):

∇(α) ≡ 2
∨
α ∧

∧
3α.

The modality∇ is actually interdefinable with 2 and 3, see [34].

Example 2.7.6 (V -Kripke frames). Let us fix the quantale V to have as its un-
derlying lattice the real interval [0; 1] with e = > = 1 and ∨ = sup. Then the
syntax of the∇modality looks like as follows: forming a formula∇α, we take
α from the set PV(L), which ammounts to choosing a finite number of formu-
las ϕi ∈ L, and for each of these formulas associating a “weight”, a number
α(ϕi) from the interval [0; 1]. More succintly, α may be thought of as a “fuzzy
set” with finite support, taking as elements formulas from L.

The semantics of the ∇modality again follows easily from the relation lift-
ing for the functor PV . Fix a coalgebra c : A→ PV(A). We ask ourselves when
a c ∇α holds. This holds precisely when the following two properties hold:

∀a′ ∈ c(a), c(a)(a′) > 0 : ∃ϕ ∈ α : (a′ c ϕ ∧ (c(a)(a′) ≤ α(ϕ))),
∀ϕ ∈ α, α(ϕ) > 0 : ∃a′ ∈ c(a)(a′) : (a′ c ϕ ∧ (α(ϕ) ≤ c(a)(a′))).

These two requirements may seem complicated at first sight. We can under-
stand them as straightforward generalisations of the standard lifting for the
powerset functor. For a state a, think of c(a) as of a fuzzy set of neighbors, and
for a′ ∈ A of c(a)(a′) as of how close a is to a′. Then to say that a c ∇α is to say
that for every neighbor a′ whose closeness c(a)(a′) to a is nonzero we have to
have a formula ϕ for which a′ c ϕ and moreover the weight of ϕ in α is larger
than closeness of a′, and vice versa: for any formula ϕ with nonzero weight in
αwe have to find a neighbor a′ of awhich satisfies ϕ and its closeness is higher
than the weight of ϕ.

Note 2.7.7 (Atomic propositions). The logic we have introduced does not allow
using atomic propositions, as we are used to them for example from standard
propositional logic. This is the case because atomic propositions and their eval-
uation in each state of some T -coalgebra can be encoded functorially. What do
we mean by that?

Let us have a coalgebra c : A → TA, a set of atomic propositions At and
for each state a ∈ A an evaluation function eva : At → 2. This corresponds to
having a function ev : A → 2At. We can therefore say that we have a function
〈c, ev〉 : A→ TA× 2At, which is in fact a coalgebra for the functor T × 2At.
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Chapter 3

Many-valued relation lifting

So far we have talked about coalgebras, which are used to model various sys-
tems, and about relation lifting, which we then used to define bisimulation
and semantics of coalgebraic Moss’ logic. We are now going to continue by
introducing many-valued relation lifting, which we will then use in a similar
manner to define many-valued variant of Moss’ coalgebraic logic and to study
the notion of many-valued bisimulation which stems from this approach.

To find out how to lift many-valued relations, we shall first look at several
examples. In contrast with the definition of standard relation lifting, we will
have to follow a different approach than that of using spans to define many-
valued relation lifting, since no span representation is available for many-valued
relations. We will first introduce many-valued relation lifting for polynomial
functors via operations on many-valued relations. In order to extend this lifting
on a wider class of functors, we will introduce functor presentations and show
how can standard relation lifting be represented in this setting. When defining
many-valued relation lifting in its full generality, we will restrict ourselves to
complete Heyting algebras for technical reasons.

One possible approach to many-valued liftings is discussed in the papers [11]
and [9]. These liftings stem from a different base category than Set and use en-
riched category very heavily. We are going to take a different approach and
restrict ourselves to the category of sets. In [19] the authors study liftings of
monads and lax monads to the category of many-valued relations. To our best
knowledge, the approach we have chosen in this chapter has not appeared
anywhere in the literature.

3.1 Intuitive examples

In this section we will reconsider the examples from subsection 2.4.1 and try to
find an intuitive notion of many-valued relation lifting for them. Let us fix the
quantale V for the rest of this section.

Example 3.1.1 (Arrays of length 2). We now take a V -valued V -relation R :
A 9 B and the functor Id × Id making the datatype of arrays of length 2. We
will try to define a V -relation A × A 9 B × B, given the relation R. Taking
inspiration from Example 2.4.1, we define the lifted relation denoted by R̂ in
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the following way:

R̂((a1, a2), (b1, b2)) = R(a1, b1)⊗R(a2, b2).

We will again generalise the previous example to work with arrays of arbi-
trary length, or with the List functor.

Example 3.1.2 (Lists). We now take the functor Idn for a given n. This cor-
responds to a datatype of arrays of size n. If we want to lift the V -relation
R : A9 B to a V -relation R̂ : An 9 Bn, we proceed as follows:

R̂((ai)i<n, (bi)i<n) =
⊗
i<n

R(ai, bi).

We again generalise this further and lift the V -relation R with the functor List.
As in the standard two-valued relation lifting, we want to relate two lists only
if they have the same length, and then the extent to which the lists are related is
computed by taking the relatedness of corresponding elements and using the
tensor. Concretely, having two lists l1 = (ai)i<m and l2 = (bi)i<n of lengths m
and n, we say that R̂(l1, l2) = ⊥ if m 6= n and otherwise

R̂(l1, l2) =
⊗
i<n

R(ai, bi).

This seems to be a very natural generalisation of the standard relation lifting
for lists.

3.2 Towards a general V -lifting

In the previous section we have seen some examples which could serve as a
“sanity check” for the general definition of many-valued relation lifting. Now
we are going to focus our attention to finitary weak pullback preserving func-
tors, which will be most important for the examples of coalgebras we are in-
terested in. We will use the commutative diagram from Theorem 2.4.13 as a
guidance of what the definition of many-valued relation lifting should satisfy.
For an endofunctor T of Set, we shall try to find a suitable functor T̂ on the
category of V -matrices, such that it is moreover locally monotone (i.e. it is a
2-functor) and extends T . Moreover we would like it to be an extension of
the standard relation lifting, so that it gives the usual results when applied
to V -matrices where V is the two-element boolean algebra (and the matrices
coincide with relations).

Definition 3.2.1 (Many-valued relation lifting). For a finitary Set endofunctor
T preserving weak pullbacks, we say that a 2-functor T̂ on the category of
many-valued matrices V -mat is a V -lifting of T , if and only if the following
diagram commutes:

V -mat V -mat

Set Set

T̂

Gr

T

Gr
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The fact that we have a 2-functor again means that the functor T̂ is locally
monotone, so that for two V -relations R, S it holds: if R ≤ S, then

T̂ (R) ≤ T̂ (S).

Notice that we now cannot use the span representation of relations to define
V -lifting, since V -relations generally do not have such representation. We will
therefore first try to find a lifting for the polynomial functors, which will be
the building blocks used in describing a much larger selection of functors later,
namely finitary functors preserving weak pullbacks.

3.3 Many-valued relation lifting for polynomial func-
tors

Polynomial functors are given by a simple inductive definition. We are going
to use this fact for our good and define the relation lifting inductively as well.
For each building block the definition of the V -relation lifting is a straightfor-
ward generalisation of the standard relation lifting, and we will introduce it by
defining various operations on V -matrices.

3.3.1 Operations on V -relations

In this subsection let us fix two V -relations R : A 9 B and R′ : A′ 9 B′. We
shall view them now as matrices R : A × B → V and R′ : A′ × B′ → V and
introduce matrix operations which will be then used to define V -lifting.

Constant operation We will introduce this operation for every set C. When
applied to the matrix R, C(R) just replaces the matrix R with the identity ma-
trix idC over the setC. Observe that this is just the action of the constant functor
C : V -mat→ V -mat.

Identity operation The identity operation on matrices is simply the identity
functor on the category V -mat: for R, we have Id(R) = R.

Sum operation We will denote the sum operation by the symbol � and it will
serve as “matrix gluing”: given two matrices R, S, the matrix R� S has R and
S on the diagonal and all the other elements are set to ⊥. More precisely, we
get a relation

R� S : A+A′ 9 B +B′.

On elements, R � S(α, β) = v, where v = R(a, b) if α = (a, 1) and β = (b, 1).
If α = (a′, 2) and β = (b′, 2), then v = R′(a′, b′). In all other cases, v = R �
S(α, β) = ⊥.

Tensor operation We denote this operation by �. The tensor of matrices R
and R′ is

R�R′ : A×A′ 9 B ×B′,
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and is defined elementwise in the spirit of Example 3.1.1:

R�R′((a, a′), (b, b′)) = R(a, b)⊗R′(a′, b′).

Example 3.3.1. Let us fix a set C = {c1, c2} and the unit interval quantale
V = ([0; 1], ·, 1) with multiplication. Then let the two V -relations R : A 9 B
and S : X → Y be defined by the following matrices:

R b1 b2
a1 1/2 1/3
a2 1/5 0

S y1 y2

x1 0 0
x2 0 1/7

Then the result of the tensor and sum operation applied to R and S is given by
the following two matrices:

R̂× S (b1, y1) (b1, y2) (b2, y1) (b2, y2)
(a1, x1) 0 0 0 0
(a1, x2) 0 1/(2 · 7) 0 1/(3 · 7)
(a2, x1) 0 0 0 0
(a2, x2) 0 1/(5 · 7) 0 0

R̂+ S b1 b2 y1 y2

a1 1/2 1/3 0 0
a2 1/5 0 0 0
x1 0 0 0 0
x2 0 0 0 1/7

3.3.2 Lifting via operations

We shall now use the operations introduced in the previous subsection to de-
fine V -relation lifting for polynomial functors.

Relation lifting for the constant functor Let C : Set → Set be the constant
functor we want to lift. We denote its lifting by Ĉ and it is simply the constant
functor C : V -mat→ V -mat. Conoretely, this functor is defined by the follow-
ing two actions:
Action on objects:

A 7→ C
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for any set A.
Action on morphisms:

(R : X 9 Y ) 7→ (Ĉ(R) = constC(R) = idC : C 9 C)

for any V -relation R.

Relation lifting for the Id functor Given the identity functor Id : Set → Set,
we define its lifted V -mat counterpart Îd : V -mat → V -mat as the identity
functor on V -mat:
Action on objects:

X 7→ X

for any set X .
Action on morphisms:

(R : X 9 Y ) 7→ (Id(R) = R : X 9 Y )

for any matrix R.

Relation lifting for products of functors Lifting of a product of functors is
the tensor. If we start with a functor T = T1 × T2, knowing already that T1 and
T2 have a many-valued relation lifting, we define the lifted functor T̂ according
to the following two actions:
Action on objects:

X 7→ T1X × T2X

for any set X .
Action on morphisms:

(R : X 9 Y ) 7→ (T̂R : T1X × T2X 9 T1Y × T2Y ),

where T̂R = T̂1(R)� T̂2(R), so on elements T̂R acts as follows:

T̂R((α1, α2), (β1, β2)) = T̂1R(α1, β1)⊗ T̂2R(α2, β2)

for αi ∈ TiX and βi ∈ TiY .

Relation lifting for sums of functors Starting with a functor T = T1 + T2,
where again T1 and T2 have a many-valued relation lifting, we define the lifted
functor T̂ according to the following two actions:
Action on objects:

X 7→ T1X + T2X

for any set X .
Action on morphisms:

(R : X 9 Y ) 7→ (T̂R : T1X + T2X 9 T1Y + T2Y ),

where T̂R = T̂1(R)� T̂2(R), so on elements

T̂R(α, β) =

{
T̂iR(α, β) if α ∈ TiX and β ∈ TiY
⊥ otherwise.

.
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Theorem 3.3.2. All of the preceding constructions are indeed many-valued relation
liftings, that is, they are 2-functorial and make the diagram in the Definition 3.2.1
commute.

We shall prove this theorem part by part. Firstly, we should show that the
constructions are in fact functorial.

Lemma 3.3.3. The preceding constructions are functorial.

Proof. The cases where we lift constant functors and the identity functor are
immediate. When T = T1 × T2, we check that T̂ (idA) = idT̂A:

T̂ (idA) = T̂1(idA)� T̂2(idA) = idT1A×T2A = idT̂ (A).

To prove that T̂ (S ◦R) = T̂ (S) ◦ T̂ (R), it would come handy to first prove that

(T̂1(S) ◦ T̂1(R))� (T̂2(S) ◦ T̂2(R)) = (T̂1(S)� T̂2(S)) ◦ (T̂1(R)� T̂2(R)).

This is just a special instance of the general law

(M ◦N)� (O ◦ P ) = (M �O) ◦ (N � P ),

which we will now take for granted and prove it immediately after completing
this proof. Knowing that this law holds,

T̂ (S ◦R) = T̂1(S ◦R)� T̂2(S ◦R) = (T̂1(S) ◦ T̂1(R))� (T̂2(S) ◦ T̂2(R)).

Then by using the law, we continue with

(T̂1(S)� T̂2(S)) ◦ (T̂1(R)� T̂2(R)) = T̂ (S) ◦ T̂ (R)

and this ends the proof of the product part of V -lifting.
When T = T1 + T2, checking that T̂ (idA) = idT̂A is again easy:

T̂ (idA) = T̂1(idA)� T̂2(idA) = idT1A+T2A = idT̂ (A).

Now does the V -lifting for T preserve compositions? To prove that T̂ (S ◦R) =
T̂ (S) ◦ T̂ (R), we could use the same argument as in the previous case if we
knew that there is a law

(M ◦N)� (O ◦ P ) = (M �O) ◦ (N � P ).

We are going to prove this law in the following lemma, and that will end the
proof of functoriality of liftings for sums of functors.

Lemma 3.3.4. For any four V -relations M : M1 9 M2, N : N1 9 M1, O : O1 9
O2, P : P1 9 O1, the following two laws hold:

(M ◦N)� (O ◦ P ) = (M �O) ◦ (N � P )

(M ◦N)� (O ◦ P ) = (M �O) ◦ (N � P ).
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Proof. The relation (M ◦N)� (O ◦ P ) is of the type N1 × P1 9 M2 × O2, as is
the relation (M �O) ◦ (N � P ). Similarly, the relation (M ◦N)� (O ◦ P ) is of
the type N1 + P1 9 M2 + O2, the same type as (M � O) ◦ (N � P ) has. Take
n1 ∈ N1, p1 ∈ P1, m2 ∈M2 and o2 ∈ O2. Then

(M ◦N)� (O ◦ P )((n1, p1), (m2, o2))

=(M ◦N)(n1, p1)⊗ (O ◦ P )(m2, o2)

=
(∨
m

N(n1,m)⊗M(m,m2)
)
⊗
(∨
o

P (p1, o)⊗O(o, o2)
)

=
∨
m

∨
o

N(n1,m)⊗M(m,m2)⊗ P (p1, o)⊗O(o, o2)

=
∨
m,o

N � P ((n1, p1), (m, o))⊗M �O((m, o), (m2, o2))

=(M �O) ◦ (N � P )((n1, p1), (m2, o2)).

To prove the second law, we are only interested in the elements α ∈ N1+P1

and β ∈ M2 + O2 when either α = (n1, 1) and β = (m2, 1), or α = (p1, 2) and
β = (o2, 2). In the first case, we see that

(M ◦N)� (O ◦ P )(α, β)
=(M ◦N)(n1,m2)

=
∨
m

N(n1,m)⊗M(m,m2)

=
∨

γ∈M1+O1

N � P (α, γ)⊗M �O(γ, β)

=(M �O) ◦ (N � P )(α, β).

The proof for the second case proceeds in the same manner. All the other cases
are easily seen to yield ⊥ as a result.

The definition of V -liftings requires the functor to be locally monotone as
well.

Lemma 3.3.5. For any polynomial functor T : Set → Set, the operation T̂ is a 2-
functor.

Proof. We need to prove that for a polynomial functor T and for two relations
R : A9 B, S : A9 B where R ≤ S, T̂ preserves the order on the relations. So
T̂R ≤ T̂ S. We proceed by induction.

• Constant functor C: ĈR = idC = ĈS.

• Identity functor Id: ÎdR = R ≤ S = ÎdS.

• Sum of functors T + T ′: Take α = (a, i) ∈ (T + T ′)A and β = (b, j) ∈
(T + T ′)B. Either i 6= j and then

T̂ + T ′R(α, β) = ⊥ = T̂ + T ′S(α, β)

or i = j = 1 and then

T̂ + T ′R(α, β) = T̂R(a, b) ≤ T̂ S(a, b) = T̂ + T ′S(α, β)
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or i = j = 2 and then

T̂ + T ′R(α, β) = T̂ ′R(a, b) ≤ T̂ ′S(a, b) = T̂ + T ′S(α, β)

• Product of functors T × T ′: For any (α, α′) ∈ (T × T ′)A and (β, β′) ∈
(T × T ′)B we have that

T̂ × T ′R((α, α′), (β, β′)) = T̂R(α, β)⊗ T̂R(α′, β′)

≤ T̂ S(α, β)⊗ T̂ S(α′, β′)

= T̂ × T ′S((α, α′), (β, β′)).

We have shown that V -liftings of polynomial functors are 2-functors.

The V -lifting does moreover have to commute with the graph functor.

Lemma 3.3.6. V -lifting of polynomial functors commutes with the graph functor:

T̂ ◦ Gr = Gr ◦ T.

Proof. We show the inductive argument for polynomial functors:

• Constant functor C:

(ĝr ◦ C)(f) = Gr(idC) = Ĉ(Gr(f)).

• Identity functor Id:
(Gr ◦ Id) = Gr = (Îd ◦ Gr).

• Sum of functors T + T ′:

(Gr◦(T+T ′)) = (Gr◦T )�(Gr◦T ′) = (T̂◦Gr)�(T̂ ′◦Gr) = (T̂�T̂ ′)◦Gr = T̂ + T ′◦Gr.

• Product of functors T × T ′:

(Gr◦(T×T ′)) = (Gr◦T )�(Gr◦T ′) = (T̂◦Gr)�(T̂ ′◦Gr) = (T̂�T̂ ′)◦Gr = T̂ × T ′◦Gr.

After carefully reading this proof, the reader has surely noticed that we
have used a few unproved properties: namely that the graph functor dis-
tributes over sum and product operations on functors.

Lemma 3.3.7. The graph functor Gr distributes over sums of endofunctors of Set:

(Gr ◦ (T + T ′)) = (Gr ◦ T )� (Gr ◦ T ′).

It also distributes over sums of endofunctors of V -mat:

(T̂ ◦ Gr)� (T̂ ′ ◦ Gr) = (T̂ � T̂ ′) ◦ Gr.

In the same manner, Gr distributes over products of endofunctors of Set and V -mat.
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We are not going to prove these properties. Instead we prove Lemma 3.3.6
more conceptually (and this time not partially) in a different way. We are going
to show that V -lifting extends the standard notion of relation lifting, which will
give us a nice pictorial proof of Lemma 3.3.6 and moreover it is an important
observation on its own.

Lemma 3.3.8 (V -lifting is an extension of standard lifting). V -lifting for polyno-
mial functors is an extension of standard relation lifting, that is, the following diagram

V -mat V -mat

Rel Rel

T̂

I
T

I

commutes.

Proof. This lemma follows directly from the fact that standard relation lifting
for polynomial functors can be defined as in Example 2.4.6, and from the defi-
nition of the I functor (Example 1.2.16).

We can now finally present the pictorial proof of Lemma 3.3.6.

Proof. We already know that standard relation lifting for polynomial functors
makes the diagram

Rel Rel

Set Set

T

gr

T

gr

commute, and also that the diagram from Lemma ?? commutes. By composing
the two diagrams, we see that

V -mat V -mat

Rel Rel

Set Set

T̂

I
T

I

gr

T

gr

commutes as well. Because the V -graph functor Gr is defined as the composi-
tion I ◦ gr, the proof is complete.

49



We have now shown a reasonable many-valued generalisation of relation
liftings for polynomial functors. In order to extend this generalisation to a
larger class of functors, we are going to introduce presentations of functors in
the next section. These will allow us to use the V -lifting of polynomial functors
to define V -lifting for arbitrary weak pullback preserving finitary functors.

3.4 Presentations of finitary functors

Presentations of functors allow us to “disassemble” finitary functors by means
of certain special polynomial functors and natural transformations. They are
discussed for example in [5] or in [40]. We have seen an example of a functor
presentation before, even if we did not mention it explicitly, in Example 1.1.34.

Example 3.4.1. (List to powerset, revisited) There is a natural transformation
ε : List→ P , which for any set A contains a function εA : List(A)→ PA:

(ai)i<n 7→ {ai | i < n}.

The function εA is a surjection for any set A, and so the natural transformation
ε is a natural epimorphism. The requirements of naturality and surjectivity
will be central to the notion of functor presentations.

The natural transformation ε from previous example can be used to define
the relation lifting of the P functor using the relation lifting for the List functor.
This observation is the main reason why we are interested in functor presenta-
tions in general.

Relation lifting for P using List. Let us recall from Example 2.4.8 that stan-
dard relation lifting for the finitary powerset Pω functor lifts the relation R :
A9 B to the relation Pω(R) : Pω(A) 9 Pω(B), where Pω(R)(α, β) if and only
if

∀a ∈ α ∃b ∈ β : R(a, b) and ∀b ∈ β ∃a ∈ α : R(a, b).

Observe that we can equivalently say thatPω(R)(α, β) holds if and only if there
are two lists lα ∈ List(A), lβ ∈ List(B) such that lα “represents” α, meaning
that εA(lα) = α, lβ represents β, so that it holds εB(lβ) = β, and moreover
List(R)(lα, lβ), the two lists lα and lβ are related by the relation R lifted to the
functor List. We can see this easily by the means of the following commutative
diagram:

List(A) List(R) List(B)

Pω(A) Pω(R) Pω(B)

εA

List(p1) List(p2)

εR εB

Pω(p1) Pω(p2)

The subsets α ∈ Pω(A) and β ∈ Pω(B) are in the lifted relation Pω(R) if and
only if there is a witness w ∈ Pω(R) such that it projects onto α and β. Since
ε is a natural epimorphism, it means that there is a list witness lw ∈ List(R)
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which represents w, so εR(lw) = w, and by the naturality of the squares in the
diagram we get the lists lα and lβ as the list projections of w. Conversely, if
there are lists lα and lβ representing α and β, and it holds that List(R)(lα, lβ),
then by the definition of relation lifting we get the list witness lw ∈ List(R)
and again by naturality of ε and surjectivity of εR we get a witness w ∈ Pω(R)
which witnesses the fact that α and β are in the lifted relation Pω(R). We have
therefore described relation lifting for Pω in terms of the relation lifting for List,
using a natural epimorphism ε : List → Pω . This example and generalisations
to arbitrary finitary functors is discussed for example in [40]; we are going to
present some of the theory now and then generalise our present observation to
define V -liftings for finitary functors.

Definition 3.4.2 (Polynomial presentations of finitary functors). We say that a
finitary functor T : Set → Set is polynomially presented by a polynomial functor
H and a natural transformation ε : H → T if ε is a natural epimorphism.

Using polynomial presentations, we can compute relation liftings for poly-
nomially presentable finitary functors which do not need to be polynomial.

The following lemma is a straightforward generalisation of the principles
shown in the example with List and finitary powerset functor.

Lemma 3.4.3 (Relation lifting via presentations). Having a finitary Set endofunc-
tor T presented by a functor H and a natural epimorphism ε, and having a relation
R : A9 B, the following two properties are equivalent:

• T (R)(α, β) holds for α ∈ T (A), β ∈ T (B).

• There exist tα ∈ HA, tβ ∈ HB such that εA(tα) = α, εB(tβ) = β and
H(R)(tα, tβ).

Proof. If T (R)(α, β), find the witness w ∈ T (R) and choose a representing ele-
ment tw ∈ H(R) such that εR(tw) = w (which exists because εR is surjective).
Then by naturality of ε there are elements H(p1)(w),H(p2)(w) representing α
and β (see the diagram below)

H(A) H(R) H(B)

T (A) T (R) T (B)

εA

H(p1) H(p2)

εR εB

T (p1) T (p2)

and tw moreover witnesses that H(R)(H(p1)(w), H(p2)(w)). Conversely, hav-
ing tα and tβ , we get tw which by naturality gives us an element w = εR(tw)
witnessing that T (R)(α, β) holds.

Theorem 3.4.4. Every finitary Set functor is polynomially presentable by a canonical
presentation.

Proof. Fix the finitary functor T . Then we construct the polynomial functor

HΣ =
∐
n∈N

Idn × T (n)
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and we have to show that there is a natural epimorphism ε : HΣ → T . For a
set A, we have to define how εA :

∐
n∈NA

n × T (n) → T (A) acts on elements.
An element t ∈ HΣ(A) is a pair (a, σ), where a is a function of type n→ A and
σ ∈ T (n). From these data we need to get an element from T (A). By applying
the functor T to a, we get a function T (a) : T (n)→ T (A). Since σ is an element
of T (n), we can define εA(t) to be the element T (a)(σ). It remains to show that
this is an epimorphism. This property follows from the fact that T is finitary.
Having α ∈ T (A), this means that α ∈ T (A′), where A′ is a finite subset of A.
Denote by n the number of elements of A′. There is a bijection b : n → A′,
and since bijections are preserved by applying a functor, T (b) : T (n) → T (A′)
is a bijection as well. Choose then the element σ ∈ T (n) corresponding to α
under the bijection T (b), and now it is obvious that t = (b, σ) represents α.
The naturality of ε can be proved easily. The following diagram

HΣ(A) HΣ(B)

T (A) T (B)

εA

HΣ(f)

T (f)

εB

commutes for any A,B and f . Take an arbitrary tα = (a, σ) ∈ HΣ(A), which
represents some α ∈ T (A). We see that α 7→ β by T (f) for some β ∈ T (B).
Observe thatHΣ(f) maps tα = (a, σ) to a pair (f ◦a, σ). Then we need to know
that this pair represents β via εB . This is inded true: we take

n
a−→ A

f−→ B

and apply the functor T to it, so we get

T (n)
T (a)−−−→ T (A)

T (f)−−−→ T (B).

Applying this function to σ, it gets mapped to α by T (a), and α gets mapped to
β by T (f) by assumption. The collection of morphisms ε is therefore a natural
epimorphism.

We say that the presentation we have described in the previous proof is the
canonical presentation of T . Every finitary functor T therefore has a canonical
presentation [40]. Because of this fact, Lemma 3.4.3 is a strong statement.

Notation Given a functor T with a canonical presentation consisting of HΣ

and ε, we talk of the presentation as of a pair (HΣ, ε), and if a given element
α ∈ T (A) is presented by tα = (a, σ), we write the pair (a, σ) in term notation
σ(a), which reminds us that σ can be thought of as an operation which accepts
a vector a : n→ A of elements from A.

Canonical presentations of weak pullback preserving functors enjoy an im-
portant property, which we are going to use when defining V -lifting for fini-
tary functors.
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Definition 3.4.5 (Dominated presentation [5]). A presentation (HΣ, ε) of a func-
tor T is called dominated if for any two terms σ(x), τ(y) representing α ∈ T (A)
(where x : n → A, y : m → A and σ ∈ T (n), τ ∈ T (m)) there is an opera-
tion ρ ∈ T (k) together with two maps u : k → n and v : k → m such that
T (u)(ρ) = σ, T (v)(ρ) = τ and x ◦ u = y ◦ v. In diagrams,

k m

n A

u

v

x

y

commutes and the span

T (k)

T (n) T (m)

T (u) T (v)

maps ρ to σ and τ respectively, ensuring that both of the terms ρ(x ◦ u) and
ρ(y ◦ v) represent α.

We are going to introduce here one technical property of functors, which
we will implicitly assume in the following text.

Definition 3.4.6 (Sound functor [5]). Let 1 be the constant Set functor sending
all sets to 1 and 10 the same functor with the difference that 10(∅) = ∅. A Set
functor T is sound if it preserves inclusions and every natural transformation
ε : 10 → T has a unique extension to a natural transformation ε̂ : 1→ T .

Every functor that is not sound can be easily transformed into one that is
sound just by changing its actions with respect to the empty set. We will there-
fore assume throughout the text that the functors we are working with do have
the soundness property without mentioning this fact.

Theorem 3.4.7 ([5]). The canonical presentation of a sound (Definition 3.4.6) finitary
weak pullback preserving functor is dominated.

The fact that canonical presentations of weak pullback preserving functors
are dominated will help us with the proof that V -lifting of finitary functors
preserves compositions.

3.5 Many-valued lifting for finitary functors

Now we are going to use the technical results introduced in the previous sec-
tion to lift finitary functors to the category V -mat in general and show that
for weak pullback preserving functors this gives a V -lifting in the sense of the
Definition 3.2.1.

First let us look at Lemma 3.4.3 and restate it in a way that will be useful
when defining V -lifting for a finitary functor T : Having T presented by (H, ε),
then for a relation R : A9 B, the following two properties are equivalent:

53



• T (R)(α, β) holds for α ∈ T (A), β ∈ T (B).

• There exist tα ∈ HA, tβ ∈ HB such that εA(tα) = α, εB(tβ) = β and
H(R)(tα, tβ).

We can rewrite the equivalence as an algebraic rule

T (R)(α, β) =
∨
tα,tβ

H(R)(tα, tβ).

The notation is simplified: we are computing the supremum over all pairs of
terms (tα, tβ) such that tα represents α and tβ represents β. In the case of stan-
dard relation lifting, this just tells us that we look for some two terms represent-
ing α and β which are related. In its generalised version, this algebraic rule
will tell us that we are looking for the “best” representatives of α and β and
take the value of their lifting as defining the value of V -lifting for α and β.

Definition 3.5.1 (V -lifting of finitary functors). Given a V -relation R : A 9 B
and a non-polynomial finitary weak pullback preserving functor T , we define
the lifted relation T̂R : TA 9 TB by the following formula for α ∈ TA and
β ∈ TB using the canonical presentation (HΣ, ε):

T̂ (R)(α, β) =
∨
tα,tβ

ĤΣ(R)(tα, tβ).

Does Definition 3.5.1 give us really a V -lifting, is it functorial and does it
make the diagram

V -mat V -mat

Set Set

T̂

Gr

T

Gr

from the Definition 3.2.1 commute? The answer is positive if we restrict our-
selves from a general quantale V to a complete Heyting algebra. In the case of
a general quantale V -lifting does not have to be functorial.

Example 3.5.2. Take V = ([0, 1], ·, 1) as a quantale and A = {a}, B = {b}, C =
{c1, c2}. Set two relations R : A 9 B, S : B 9 C as follows: R(a, b) = 1

2 ,
S(b, c1) =

1
3 , S(b, c2) = 1

5 . Then

T̂ (S ◦R)({a}, {c1, c2}) =
1

60
,

but
T̂ (S) ◦ T̂ (R)({a}, {c1, c2}) =

1

30
.

Let us now assume that ⊗ = ∧ and e = >. For better distinction, we
are going to use the tensor notation in places where it should be if we were
working with a general quantale. We are then going to switch to ∧ notation
when it is necessary to use some of the properties of ∧.
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Theorem 3.5.3. Suppose V is a complete Heyting algebra. Then the definition of T̂
from 3.5.1 gives an endofunctor of V -mat.

Proof. Let us first show that T̂ (idX) = idT̂X . By definition, T̂X = TX and

idT̂X : TX 9 TX

is defined as

(idT̂X)(α, β) =

{
e if α = β

⊥ otherwise.

It is up to us to show that T̂ (idX) defines the same relation. But see that

T̂ (idX)(α, α) =
∨
tα,t′α

ĤΣ(idX)(tα, t
′
α) ≥ ĤΣ(idX)(tα, tα) = e

and that if we take α 6= β, then

T̂ (idX)(α, β) =
∨
tα,tβ

ĤΣ(idX)(tα, tβ) = ⊥

since ĤΣ(idX)(tα, tβ) = ⊥ for any tα 6= tβ .
The proof that

T̂ (S ◦R) = T̂ S ◦ T̂R

is more involved. We need to prove it for any two arbitrary V -relations R :
A 9 B and S : B 9 C. Thus, for any α ∈ TA and γ ∈ TC, we ask ourselves
whether

T̂ (S ◦R)(α, γ) = T̂ S ◦ T̂R(α, γ).

From one side, we derive that by definition of V -lifting for finitary functors

T̂ (S ◦R)(α, γ) =
∨
tα,tγ

(ĤΣ(S ◦R)(tα, tγ))

and by the definition of V -relation composition∨
tα,tγ

(ĤΣ(S ◦R)(tα, tγ)) =
∨

tα,s,tγ

(ĤΣR(tα, s)⊗ ĤΣS(s, tγ)).

From the other side, we see that (by V -relation composition)

T̂ (S) ◦ T̂ (R)(α, γ) =
∨
β

(T̂R(α, β)⊗ T̂ S(β, γ))

and from the definition of V -lifting∨
β

(T̂R(α, β)⊗ T̂ S(β, γ)) =
∨
β

(( ∨
tα,tβ

ĤΣR(tα, tβ)
)
⊗
( ∨
t′β ,tγ

ĤΣS(t
′
β , tγ)

))
.

We now want to prove that the following equality∨
tα,s,tγ

(ĤΣR(tα, s)⊗ĤΣS(s, tγ)) =
∨
β

(( ∨
tα,tβ

ĤΣR(tα, tβ)
)
⊗
( ∨
t′β ,tγ

ĤΣS(t
′
β , tγ)

))
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holds. To prove that

T̂ (S ◦R)(α, γ) ≤ T̂ (S) ◦ T̂ (R)(α, γ) (3.1)

is easy: it suffices to find for for any triple tα, s, tγ a quadruple tα, tβ , t′β , tγ
witnessing the inequality 3.1. Denote by β the element represented by s. Then
we can set tβ = t′β = s, and this is a witness for the inequality.

But does the other inequality hold as well? It would be enough to find for
every quadruple tα, tβ , t′β , tγ a triple t′α, s, t′γ such that

ĤΣR(tα, tβ)⊗ ĤΣS(t
′
β , tγ) ≤ ĤΣR(t

′
α, s)⊗ ĤΣS(s, t

′
γ),

pointwise witnessing the second inequality,

T̂ (S) ◦ T̂ (R)(α, γ) ≤ T̂ (S ◦R)(α, γ). (3.2)

Here we are going to use the fact that we have a dominated presentation, which
in turn comes from the fact that T preserves weak pullbacks.

Let tα = σ(a), tγ = τ(c) for some σ ∈ T (n), τ ∈ T (m) (and therefore the
vectors are of the type a : n→ A and c : m→ C). We can assume for the other
two terms tβ and t′β from the quadruple that they are of the form tβ = σ(x)
and t′β = τ(y) (with x : n→ B and y : m→ B). This is so because if the terms
tα and tβ had a different operation as terms, their V -lifting ĤΣR(tα, tβ) would
be equal to ⊥, and the same reasoning applies for the terms t′β and tγ .

Since both tβ and t′β represent β and since (HΣ, ε) is a dominated presen-
tation, there is an operation ρ ∈ T (k) together with two maps u : k → n and
v : k → m such that the diagram

k m

n B

u

v

x

y

commutes and the operation ρ gets mapped to σ and τ by T (u) and T (v):

T (k) ρ

T (n) T (m) σ τ

T (u) T (v)

Therefore, ρ(x ◦ u) represents β. Set s = ρ(x ◦ u). We now just have to find
suitable terms t′α and t′γ which would witness the inequality

ĤΣR(tα, tβ)⊗ ĤΣS(t
′
β , tγ) ≤ ĤΣR(t

′
α, s)⊗ ĤΣS(s, t

′
γ).

The terms t′α and t′γ are now forced to have ρ as the operation, since s = ρ(x◦u).
By looking at the following diagram,
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T (k)

T (n) T (m)

T (A) T (B) T (C)

T (u) T (v)

T (a) T (x) T (y) T (c)

we immediately see what to choose as t′α and t′γ :

ρ

σ τ

α β γ

Let t′α = ρ(a ◦ u) and t′γ = ρ(c ◦ v). These terms represent α and γ respectively.
To prove that

ĤΣR(tα, tβ)⊗ ĤΣS(t
′
β , tγ) ≤ ĤΣR(t

′
α, s)⊗ ĤΣS(s, t

′
γ),

we show that
ĤΣR(tα, tβ) ≤ ĤΣR(t

′
α, s)

and that
ĤΣS(t

′
β , tγ) ≤ ĤΣS(s, t

′
γ).

By the definition of V -lifting for polynomial functors,

ĤΣR(tα, tβ) =
⊗
i<n

R(a(i),x(i)).

In the same spirit,

ĤΣR(t
′
α, s) =

⊗
i<k

R(a(u(i)),x(u(i))).

Now we use the fact that ⊗ = ∧ and e = > to prove that⊗
i<n

R(a(i),x(i)) ≤
⊗
i<k

R(a(u(i)),x(u(i))).

We can equivalently write that we want to prove∧
i<n

R(a(i),x(i)) ≤
∧
i<k

R(a(u(i)),x(u(i))),
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and for proving this we use the fact that∧
i<n

R(a(i),x(i)) =
∧
{R(a(i),x(i)) | i < n}

and that ∧
i<k

R(a(u(i)),x(u(i))) =
∧
{R(a(u(i)),x(u(i))) | i < k}.

This is useful because we moreover know that

{R(a(u(i)),x(u(i))) | i < k} ⊆ {R(a(i),x(i)) | i < n},

and since the infimum operation ∧ is monotone, we can indeed infer that∧
i<n

R(a(i),x(i)) ≤
∧
i<k

R(a(u(i)),x(u(i))).

To prove the inequality

ĤΣS(t
′
β , tγ) ≤ ĤΣS(s, t

′
γ),

we would have to repeat the same procedure we have undertaken now, so we
are going to omit it. This concludes the proof that T̂ is functorial.

The proof that T̂ is 2-functorial is really easy in comparison with the proof
of functoriality.

Lemma 3.5.4 (V -lifting is a 2-functor). V -lifting of a finitary functor T : Set →
Set is a 2-functor T̂ : V -mat→ V -mat.

Proof. For a finitary functor T we use its presentation (HΣ, ε), where HΣ is
a polynomial functor, so we are going to use this fact. Given two relations
R : A9 B and S : A9 B with R ≤ S, we see that

T̂R(α, β) =
∨
tα,tβ

ĤΣR(tα, tβ) ≤
∨
tα,tβ

ĤΣS(tα, tβ) = T̂ S(α, β).

To prove that T̂ commutes with graphs when T is finitary, we use the same
trick as for the polynomial functors: we prove that T̂ is an extension of the
standard relation lifting.

Lemma 3.5.5. V -lifting for finitary functors is an extension of standard relation lift-
ing, that is, the following diagram

V -mat V -mat

Rel Rel

T̂

I
T

I
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commutes.

Proof. Take a (two-valued) relation R : A 9 B. For α ∈ TA and β ∈ TB The
value T̂ (I(R))(α, β) is either e or ⊥. Suppose it is e. Then∨

tα,tβ

ĤΣ(I(R))(tα, tβ) = e.

This happens exactly when there exist tα,tβ such that

ĤΣ(I(R))(tα, tβ) = e,

which can happen if and only if

HΣ(R)(tα, tβ)

holds. Equivalently, we may say that∨
tα,tβ

HΣ(R)(tα, tβ) = I(T (R))(α, β) = e.

We have therefore proven that

T̂ (I(R))(α, β) = e iff I(T (R))(α, β) = e.

From this we can immediately deduce that

T̂ (I(R)) = I(T (R)),

which is what we had to prove.

By the series of proofs in this section, we have proved that the definition of
T̂ for a finitary weak pullback preserving functor T gives us a V -lifting when
V is a complete Heyting algebra.

3.6 Some properties of V -lifting

In this section we are going to state and prove important properties of V -lifting
which we will use heavily in Chapter 4.

Lemma 3.6.1. V -lifting of finitary functors commutes with opposites (Definition
1.2.12):

T̂ (Rop) = T̂ (R)op .

Proof. This technical lemma follows quite quickly from the fact that V -lifting
is symmetric in nature. We fix a V -relation R : A 9 B and then proceed in-
ductively. We first prove the assertion for polynomial endofunctors of Set and
then we use presentations to prove the assertion for general finitary functors.

• Constant functor C: Ĉ(Rop) = idC = idopC = Ĉ(R)op .

• Identity functor Id: Îd(Rop) = Rop = Îd(R)
op
.
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• Sum of functors T + T ′:

T̂ + T ′(Rop) = (T̂ � T̂ ′)(Rop) = T̂ (Rop)� T̂ ′(Rop)

= T̂ (R)op � T̂ ′(R)op = (T̂ � T̂ ′)(R)op .

• Product of functors T × T ′:

T̂ × T ′(Rop) = (T̂ � T̂ ′)(Rop) = T̂ (Rop)� T̂ ′(Rop)

= T̂ (R)op � T̂ ′(R)op = (T̂ � T̂ ′)(R)op .

Consider a presentation ε : HΣ → T (see 3.4.4). Then for any pair α ∈ TA,
β ∈ TB the following equation

T̂ (Rop)(β, α) =
∨
tβ ,tα

ĤΣ(R
op)(tβ , tα)

=
∨
tβ ,tα

ĤΣ(R)
op(tβ , tα)

= T̂ (R)op(β, α)

holds.

Lemma 3.6.2. Given a finitary functor T presented by (HΣ, ε) and a V -relation R :

A9 B, the V -lifting T̂ (R) can be computed by restricting to bases:

T̂ (R)(α, β) = T̂ (R �Base(α)9Base(β))(α, β).

Proof. Observe that by definition of T̂

T̂ (R �Base(α)9Base(β))(α, β) =
∨
tα,tβ

ĤΣ(R �Base(α)9Base(β))(tα, tβ)

holds. Moreover, because every tα ∈ HΣ(Base(α)) is an element of HΣ(A) and
every tβ ∈ HΣ(Base(β)) is an element of HΣ(B), we get that∨

tα,tβ

ĤΣ(R �Base(α)9Base(β))(tα, tβ) ≤
∨
tα,tβ

ĤΣ(R)(tα, tβ)

holds. From this, the inequality

T̂ (R �Base(α)9Base(β))(α, β) ≤ T̂ (R)(α, β)

follows immediately. To prove the inequality

T̂ (R)(α, β) ≤ T̂ (R �Base(α)9Base(β))(α, β),

we look again at the definition of V -lifting for T :

T̂ (R �Base(α)9Base(β))(α, β) =
∨
tα,tβ

ĤΣ(R �Base(α)9Base(β))(tα, tβ).
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We need to prove that∨
tα,tβ

ĤΣ(R)(tα, tβ) ≤
∨
tα,tβ

ĤΣ(R �Base(α)9Base(β))(tα, tβ).

For each pair of terms tα ∈ HΣA and tβ ∈ HΣB we try to find a pair of terms
t′α ∈ HΣBase(α) and t′β ∈ HΣBase(β) such that

ĤΣ(R)(tα, tβ) ≤ ĤΣ(R �Base(α)9Base(β))(t
′
α, t
′
β). (3.3)

We are interested only in pairs tα = σ(x), tβ = σ(y) for some σ ∈ Tn and
x : n → A, y : n → B. If the terms tα and tβ did not have the same operation
σ, their lifting would be ĤΣ(R)(tα, tβ) = ⊥.

We are going to restrict the vectors x and y to get new vectors x′ and y′ such
that their codomains are Base(α) and Base(β) respectively. Then we will find
an operation ρwhich would ensure that ρ(x′) represents α and ρ(y′) represents
β. And finally we shall show that our choice t′α = ρ(x′) and t′β = ρ(y′) satisfies
inequality (3.3) that we need.

Taking the vector x, form the pullback

P n

Base(α) A

p1

p2

i

x

where i is an inclusion map Base(α) ↪→ A and therefore p2 is an inclusion as
well. For the vector y, form the pullback

P ′ n

Base(β) B

p′1

p′2

j

y

with j being the inclusion map Base(β) ↪→ B. By the same reasoning as with
the first pullback, the map p′2 is an inclusion as well. Lastly, form a third pull-
back

Q P ′

P n,

q1

q2

p2

p′2

which gives us a categorical description of the intersectionQ = P∩P ′. We shall
now use the property that T preserves weak pullbacks and apply the functor
to the three pullbacks we have just formed. The weak pullback
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TP Tn τ σ

TBase(α) TA α α

Tp1

Tp2

Ti

Tx

allows us to find an operation τ ∈ TP for α ∈ TBase(α) and σ ∈ Tn. Similarly,
the weak pullback

TP ′ Tn τ ′ σ

TBase(β) TA β β

Tp′1

Tp′2

Tj

Ty

finds an operation τ ′ ∈ TP ′ for β ∈ TBase(β) and σ ∈ Tn. The last weak
pullback in the following diagram

TQ TP ′ ρ τ ′

TP Tn τ σ

Tq1

Tq2

Tp2

Tp′2

tells us that there is an operation ρ ∈ TQ such that it projects onto τ and τ ′. We
can say that ρ is an operation sinceQ ∼= k for some k ≤ n. Observe now that we
have two vectors x′ = (p1 ◦ q1) : Q→ Base(α) and y′ = (p′1 ◦ q2) : Q→ Base(β),
for which it holds that ρ(x′) represents α and ρ(y′) represents β. The vectors x′

and y′ have as codomains the respective bases. We now have to prove that

ĤΣ(R)(σ(x), σ(y)) ≤ ĤΣ(R �Base(α)9Base(β))(ρ(x
′), ρ(y′))

holds. From the definition of V -lifting of polynomial functors and from the
fact that ⊗ = ∧, we get that

ĤΣ(R)(σ(x), σ(y)) =
∧
i<n

R(x(i),y(i))

and
ĤΣ(R �Base(α)9Base(β))(ρ(x

′), ρ(y′)) =
∧
i<k

R(x′(i),y′(i)).

From the commutativity of the weak pullback diagrams, we see that the direct
image of k under x′ is contained in the direct image of n under x:

x′[k] ⊆ x[n].

It is also true that
y′[k] ⊆ y[n]
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holds. Then we can finally deduce that∧
i<n

R(x(i),y(i)) ≤
∧
i<k

R(x′(i),y′(i)).

Therefore we know that the inequality∨
tα,tβ

ĤΣ(R)(tα, tβ) ≤
∨
tα,tβ

ĤΣ(R �Base(α)9Base(β))(tα, tβ)

holds and this in turn implies that we have proven the inequality

T̂ (R)(α, β) ≤ T̂ (R �Base(α)9Base(β))(α, β),

and the proof is complete.

Lemma 3.6.3. V -lifting of finitary functors commutes with restrictions (Definition
1.2.13), that is, for a relation R : A 9 B and two subsets A′ ⊆ A and B′ ⊆ B, the
following equality

T̂ (R �A′9B′) = T̂ (R) �TA′9TB′

holds.

Proof. We proceed by induction. First we prove the lemma for polynomial
functors and then we use presentations to prove the lemma for general fini-
tary functors.

• Constant functor C: Ĉ(R �A′9B′) = idC = idC = Ĉ(R) �C9C .

• Identity functor Id: Îd(R �A′9B′) = R �A′9B′= Îd(R) �A′9B′ .

• Sum of functors T + T ′:

T̂ + T ′(R �A′9B′) = (T̂ � T̂ ′)(R �A′9B′)

= T̂ (R �A′9B′)� T̂ ′(R �A′9B′)

= T̂ (R) �TA′9TB′ �T̂ ′(R) �T ′A′9T ′B′

= (T̂ � T̂ ′)(R) �(T+T ′)A′9(T+T ′)B′ .

• Product of functors T × T ′:

T̂ × T ′(R �A′9B′) = (T̂ � T̂ ′)(R �A′9B′)

= T̂ (R �A′9B′)� T̂ ′(R �A′9B′)

= T̂ (R) �TA′9TB′ �T̂ ′(R) �T ′A′9T ′B′

= (T̂ � T̂ ′)(R) �(T×T ′)A′9(T×T ′)B′ .

Consider a presentation ε : HΣ → T : for any pair α ∈ TA′, β ∈ TB′, we
want to check whether

T̂ (R �A′9B′) = T̂ (R) �TA′9TB′
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holds. This is immediate from the fact T̂ commutes with restriction to bases:

T̂ (R �A′9B′)(α, β) = T̂ (R �Base(α)9Base(β))(α, β)

= T̂ (R)(α, β)

= T̂ (R) �TA′9TB′ (α, β).

3.7 Examples of V -liftings

We are now going to show examples of V -liftings for functors that will then be
used in Chapter 4 to define many-valued logics for coalgebras of these functors.

Example 3.7.1 (Lifting of the stream functor). Given a V -relation R : A 9 B

and a functor Z × Id (recall Example 2.1.1), the lifted V -relation Ẑ × Id(R) :
Z ×A9 Z ×B is defined this way:

Ẑ × Id(R)((z1, a)(z2, b)) =

{
R(a, b) if z1 = z2

⊥ otherwise.

Example 3.7.2 (Lifting of the finitary powerset). Given the relation R : A 9 B
and two elements α ∈ PωA, β ∈ PωB, we look at the Example 2.4.8 to see how
to find out whether Pω(R)(α, β) holds. We know that α and β are in the lifted
relation Pω(R) when the following two properties

∀a ∈ α ∃b ∈ β : R(a, b)

∀b ∈ β ∃a ∈ α : R(a, b)

hold. The V -lifting for Pω takes a V -relation R : A 9 B and constructs a
V -relation P̂ω(R) : PωA 9 PωB. For two subsets α ⊆ A and β ⊆ B, we get
that

P̂ω(R)(α, β) =
∨
tα,tβ

ĤΣ(R)(tα, tβ),

where (HΣ, ε) is the canonical presentation of Pω . However, if we computed
the V -lifting explicitly using this presentation, we would find out that the re-
sult is the same when we use the List presentation ofPω . We are therefore going
to compute the V -lifting using the List presentation, which is slightly easier to
compute with. See that

P̂ω(R)(α, β) =
∨
lα,lβ

L̂ist(R)(lα, lβ),

where lα = x ∈ List(A) and lβ = y ∈ List(B) are the lists representing α and
β. When the Heyting algebra V is a Gödel chain (Definition 1.2.8), we can use
its linearity and compute the value of P̂ω(R)(α, β) by finding the best subset
S ⊆ α× β such that

64



S

α α× β β

p1 ◦ i
i

p2 ◦ i

p1 p2

the composition of the inclusion map with product projections p1 and p2 yields
surjective maps and the value ∧

(a,b)∈S

R(a, b)

is maximal. Observe that we have a canonical subset S with a special shape:
for each a ∈ α we choose ba ∈ β such that R(a, ba) is maximal. Analogously,
for each b ∈ β we choose ab ∈ α such that R(ab, b) is maximal. We then put
S = {(a, ba) | a ∈ α} ∪ {(ab, b) | b ∈ β}.

See that this view is a generalisation of the situation with standard relation
lifting, because Pω(R)(α, β) holds exactly if we have a subset S ⊆ α× β where
for each a ∈ α we have some b such that (a, b) ∈ S, and for each b ∈ β we have
some a such that (a, b) ∈ S; and moreover, for all (a, b) ∈ S it holds that R(a, b).

We can also write explicitly that

P̂ω(R)(α, β) =

∧
a∈α

∨
b∈β

R(a, b)

 ∧
∧
b∈β

∨
a∈α

R(a, b)

 ,

which is a direct generalisation of the Egli-Milner lifting.

Example 3.7.3 (Lifting of V -powerset). Let V now be a complete Heyting alge-
bra. The V -lifting for the functor PV is slightly more complicated. Given again
a V -relation R : A9 B, we can ask how much does

P̂V(R)(α, β)

hold for some α ∈ V (A) and β ∈ V (B). Observe that α : A → V can now be
viewed as a “fuzzy subset” of A and β : B → V as a fuzzy subset of B. The
value α(a) for some a ∈ A just tells us the weight of a in α.

By looking at the definition of V -lifting, we see that

P̂V(R)(α, β) =
∨
tα,tβ

HΣ(R)(tα, tβ),

holds. To be able to compute the V -lifting more explicitly, let us assume that
PV is a Gödel chain in the rest of the example. In that case, due to linearity
of V , there is just one ideal witness (tα, tβ) which determines the value of the
lifting. We shall determine which pair that is. Suppose that

P̂V(R)(α, β) 6= ⊥

holds. Then it must be the case that tα and tβ share the same operation, that is,
they are of the form tα = σ(x) and tβ = σ(y) for some σ ∈ PV(n) and for some
two vectors x : n → A and y : n → B. This already tells us something about
the shape of the elements α and β. Observe the following diagram
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PV(n) σ

PV(A) PV(B) α β

PV(x) PV(y)

and see that we can conclude that for each a ∈ A which is in the support of
α (meaning that α(a) > ⊥), there has to exist an element b ∈ B such that
α(a) ≤ β(b). It remains to show what choice of σ, x and y gives the largest
value of V -lifting for α and β. We know that

P̂V(R)(α, β) =
∧
i<n

R(x(i),y(i)),

so we will try to maximise the value ofR(x(i),y(i)) for each i. We can construct
σ, x and y step by step. Since PV is finitary, we know that α and β have finite
support and the construction is going to terminate. Let sα be the ordered list
of elements from the support of α and p be the size of sα. In the same manner,
let sβ be the ordered list of elements from the support of β and q the size of sβ .
Then we set n = p+ q and start defining σ, x and y.

For each i ∈ N such that i < p, let us set

x(i) = sα(i)

and
σ(i) = α(sα(i)).

By this setting we will ensure that σ(x) represents α. Now we shall fill the
respective part of the vector y so that we maximise the value of the V -lifting.
Therefore, for each i < p we set that

y(i) = b

where b is an element from sβ such that σ(i) ≤ β(b) and which maximises
R(sα(i), b). We know that such an element exists, and we have to force σ(i) ≤
β(b), because otherwise σ(y) could no longer represent β. Thus we have com-
pleted the first part of constructing x, y and σ. Now for each i ∈ N such that
i < q, let us set

y(i+ p) = sβ(i)

and
σ(i+ p) = β(sβ(i)).

The vector y and the operation σ are now completely defined and together
they represent β. We now only need to complete the definition of the vector x.
Similarly as in the first part of the construction, for each i < q we set

x(i+ p) = a

where a is an element from sα such that σ(i+ p) ≤ α(a) and which maximises
R(a, sβ(i+ p)). The construction of the terms tα and tβ is now complete.

Since the construction of the best terms is quite complicated, we now rephrase
the main result. Let us have a V -relation R : A 9 B and two elements
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α ∈ PV(A), β ∈ PV(B). We compute the V -lifting P̂V(R)(α, β): for each a ∈ A
which belongs to the support of α and find a b ∈ B with α(a) ≤ β(b) such that
va = R(a, b) is maximal. Then for each b ∈ B which belongs to the support of
β we find an element a ∈ A with β(b) ≤ α(a) such that vb = R(a, b) is maximal.
We can then compute that

P̂V(R)(α, β) =
∧

({va | a ∈ A} ∪ {vb | b ∈ B}) .

To state an explicit formula, we can say that

P̂V(R)(α, β) =

 ∧
a∈supp(α)

∨
b∈supp(β)
α(a)≤β(b)

R(a, b)

 ∧
 ∧
b∈supp(β)

∨
a∈supp(α)
β(b)≤α(a)

R(a, b)


holds, where supp(α) marks the support of α.
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Chapter 4

Many-valued coalgebraic
logics

In the previous chapter we have introduced the notion of many-valued lifting,
V -lifting, which we are now going to use to define many-valued coalgebraic
logic. Since the V -lifting is a generalisation of the standard two-valued relation
lifting, the syntax and semantics for the logic very much resembles the syntax
and semantics introduced in Section 2.7. After introducing the logic in its gen-
erality, we will look at specific examples of logics for various systems. Then
we shall study the notion of bisimulation which comes from the V -lifting, and
finally we shall prove that our logic is expressive in the case that V is a Gödel
chain.

4.1 Syntax and semantics

Let us fix a complete Heyting algebra V with the operations ∧, ∨ and → (for
residuum). We are going to introduce the syntax which resembles the syntax
of Moss’ logic from Definition 2.7.1. We are going to alter the connectives to
deal with the fact that we are working with a Heyting algebra and not the two-
valued Boolean algebra. Moreover, we include the elements of the Heyting
algebra into the syntax of our language. We shall use these elements in the
proof of expressivity of the introduced logic, which we shall call Moss’ V -logic,
or shortly V -logic.

Definition 4.1.1 (Syntax of Moss’ V -logic). With a fixed set of atomic propo-
sitions At, we construct the language L of the coalgebraic logic inductively (i
going through N):

L0 3 ϕ ::= ⊥ | v | s | ϕ ∧ ϕ | ϕ ∨ ϕ | ϕ→ ϕ
LTi = T (Li)
Li+1 : 3 ϕ ::= ⊥ | v | s | ϕ ∧ ϕ | ϕ ∨ ϕ | ϕ→ ϕ | ∇α, where α ∈ LTi
L =

⋃
i Li,

where v ∈ V , s ∈ At.

The definition of semantics uses the operations of the Heyting algebra V .
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Definition 4.1.2 (Semantics of Moss’ V -logic). For a coalgebra c : A → TA
together with the evaluation function eva : At → V for every state a ∈ A,
define the forcing V -relation c: A9 L inductively as follows:

a c ⊥ = ⊥,
a c v = v,
a c s = eva(s),
a c ϕ ∧ ψ = a c ϕ ∧ a c ψ,
a c ϕ ∨ ψ = a c ϕ ∨ a c ψ,
a c ϕ→ ψ = a c ϕ→ a c ψ,
a c ∇α = T̂ (c)(c(a), α),

where we again denote by v the elements from V and by s the atomic proposi-
tions from At.

4.2 Examples of logics

In this section we are going to show examples of V -logics for functors whose
V -liftings we have computed in Section 3.7.

Example 4.2.1 (Logic for streams). In the case of streams for the functor Z× Id,
we see that the syntax of the logic is

ϕ ::= ⊥ | v | s | ϕ ∧ ϕ | ϕ ∨ ϕ | ϕ→ ϕ | ∇(z, ϕ),

where z ∈ Z. For a coalgebra c : A→ Z ×A and a state a ∈ A, we shall look at
the meaning of the modal formula∇(z, ϕ). Let c(a) = (z′, a′). Then

a c ∇(z, ϕ) =

{
a′ c ϕ if z = z′

⊥ otherwise.

Example 4.2.2 (Logic for the functor Pω). In the case of the functor Pω , the
syntax of the logic is

ϕ ::= ⊥ | v | s | ϕ ∧ ϕ | ϕ ∨ ϕ | ϕ→ ϕ | ∇α,

where α is a finite set of formulas from L. Given a coagebra c : A → PωA and
considering that V is a Gödel chain, the semantics of the modality∇ is defined
as follows:

a c ∇α =

 ∧
a′∈c(a)

∨
ϕ∈α

a′ c ϕ

 ∧
∧
ϕ∈α

∨
a′∈c(a)

a′ c ϕ

 .

Observe that Pω-coalgebras are the same structures as those considered by
Bou et al. in [14] as crisp Kripke frames. Our logical language is different, but
the box and diamond modalities they introduce are interdefinable with the ∇
modality presented here.

Example 4.2.3 (Logic for the functor PV ). We are going to show the V -logic
semantics of the ∇ modality for the functor PV . Let us again have a coalgebra
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c : A → PVA and consider a Gödel chain V . Then, as we have computed in
Section 3.7, the semantics of∇ is given by the following formula:

a c ∇α =

 ∧
a′∈supp(c(a))

∨
ϕ∈supp(α)

c(a)(a′)≤α(ϕ)

a′ c ϕ

∧
 ∧
ϕ∈supp(α)

∨
a′∈supp(c(a))
α(ϕ)≤c(a)(a′)

a′ c ϕ

 .

4.3 Bisimulations

The standard two-valued relation lifting allows us to define bisimulations in a
succint way: we say that for two given coalgebras c : A → TA, d : B → TB,
a relation R : A 9 B is a bisimulation if for any pair R(a, b) it follows that
T (B)(c(a), d(b)) (see Definition 2.6.2). We say that the states a,b related by R
are bisimilar. In the case that T preserves weak pullbacks, bisimilarity precisely
captures behavioural equivalence (Definition 2.6.1).

In this section we shall look at the notion of V -bisimulation which we can
define with use of V -lifting as a direct generalisation of standard bisimulation.
We will prove that this V -bisimulation closely corresponds with the notion of
the two-valued bisimulation.

Definition 4.3.1 (V -bisimulation). A V -relation R : A 9 B is a V -bisimulation
for coalgebras c : A→ TA and d : B → TB if for every a ∈ A and b ∈ B

R(a, b) ≤ R̂(c(a), d(b))

holds.

Definition 4.3.2 (V -bisimilarity). For coalgebras c : A → TA, d : B → TB
and a pair of states a ∈ A and b ∈ B, we call a and b V -bisimilar if there is a
V -bisimulation R such that R(a, b) > ⊥.

Remark 4.3.3. From the properties of the V -relation lifting, namely that it com-
mutes with opposites and is functorial, it follows that V -bisimilarity is reflex-
ive, transitive and symmetric, i.e. an equivalence relation.

Lemma 4.3.4 (Bisimilarity implies V -bisimilarity). A standard bisimulation can
be interpreted as a V -bisimulation. Therefore, if two states are bisimilar, they are V -
bisimilar as well.

Proof. We are going to use the fact that V -lifting is an extension of the two-
valued lifting, see Lemma 3.3.8 and Lemma 3.5.5. In short, the diagram

V -mat V -mat

Rel Rel

T̂

I
T

I
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commutes. Therefore, given a bisimulation R : A 9 B, we can prove that
I(R) : A 9 B is a V -bisimulation. By the fact that R is a bisimulation, we
know that R(a, b) implies T (R)(c(a), d(b)). Then we want to prove that

I(R)(a, b) ≤ T̂ (I(R))(c(a), d(b)).

We know that either I(R)(a, b) = ⊥ or I(R)(a, b) = e. In the first case the in-
equality holds trivially. When I(R)(a, b) = e, we know that R(a, b) holds from
the definition of I. SinceR is a bisimulation, we can deduce that T (R)(c(a), d(b))
holds, and therefore I(T (R))(c(a), d(b)) = e. Since

I ◦ T = T̂ ◦ I,

we now know that
T̂ (I(R))(c(a), d(b)) = e.

But this implies that

I(R)(a, b) ≤ T̂ (I(R))(c(a), d(b)),

and I(R) is truly a V -bisimulation.
This in turn implies that two bisimilar states a and b are V -bisimilar as

well, since by being bisimilar we know there is a bisimulation R such that
R(a, b) holds, and therefore the relation I(R) is a V -bisimulation for which
I(R)(a, b) > ⊥.

Definition 4.3.5 (Weak cut). Given a V -relation R : A 9 B, we say that its
weak cut is a relation W(R) : A 9 B, where W(R)(a, b) holds if and only if
R(a, b) > ⊥.

Lemma 4.3.6 (V -bisimilarity implies bisimilarity). For any V -bisimulation, its
weak cut is a bisimulation. Therefore, if two states are V -bisimilar, they are bisimilar
as well.

Proof. Having a V -bisimulation R : A 9 B, is its weak cut W(R) : A 9 B a
bisimulation?

We know that R(a, b) ≤ T̂ (R)(c(a), d(b)). If we want to be sure thatW(R)
is a bisimulation, we need to know whether for every a,b withW(R)(a, b) we
have that T (W(R))(c(a), d(b)).

Let us assume thatW(R)(a, b) holds. This means that R(a, b) > ⊥. There-
fore T̂ (R)(c(a), d(b)) > ⊥ follows from the fact that R is a V -bisimulation. This
means that there are two terms tc(a), td(b) such that

ĤΣ(R)(tc(a), td(b)) > ⊥

holds. Analysing the terms more closely, this means that we have tc(a) = σ(x)
and td(b) = σ(y) for some σ ∈ T (n) and x : n→ A, y : n→ B such that

R(x(i),y(i) > ⊥

for every i < n. Therefore for every i < n we know that

W(R)(x(i),y(i))
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holds and because of that we can infer that

HΣ(R)(tc(a), td(b))

holds. By Lemma 3.4.3 this in turn implies T (W(R))(c(a), d(b)), which tells us
thatW(R) is indeed a bisimulation: this is what we wanted to prove.

Now we can easily infer that two states a,bwhich are V -bisimilar, are bisim-
ilar as well. There is a V -bisimulation R : A 9 B for which we have R(a, b) >
⊥. We now know thatW(R) is a bisimulation and thatW(R)(a, b) holds. The
states a and b are then indeed bisimilar.

Remark 4.3.7. We could have defined the notion of V -bisimilarity by saying
that a and b are bisimilar if and only if there is a V -bisimulation R such that

R(a, b) = e.

Observe that this notion coincides with the notion of V -bisimilarity given above,
and therefore coincides with the notion of bisimilarity: in particular, in Lemma 4.3.4
we actually proved that when a and b are bisimilar, then the standard bisimula-
tionR connecting them provides us with a V -bisimulation with I(R)(a, b) = e.

Moreover observe that (assuming⊥ 6= e in V ) if there is a V -bisimulationR
withR(a, b) = e, it is at the same time true thatR(a, b) > ⊥ and by Lemma 4.3.6
a and b are bisimilar.

4.4 Expressivity

Now we are going to show that the V -logic we have introduced is expressive.
This will follow immediately from the fact that V -lifting is an extension of the
two-valued lifting. Moreover, if V is a Gödel chain, we shall prove a stronger
version of expressiveness for our logic.

Let us review the important definitions we are going to use in this section.
We say that given two coalgebras c : A→ TA and d : B → TB, their states a ∈
A and b ∈ B are behaviourally equivalent (Definition 2.6.1) if there is a coalgebra
z : Z → TZ and two coalgebra morphisms f : A→ Z and g : B → Z such that
the following diagram

A Z B

TA TZ TB,

c

f

z d

g

Tf Tg

commutes and it holds that f(a) = g(b).
We know that Moss’ logic, which was introduced in Section 2.7, is expres-

sive: if two states a ∈ A and b ∈ B satisfy the same formulas, then the states
are behaviourally equivalent. By contraposition, two states that are not be-
haviourally equivalent can be distinguished by some formula. We shall use
this contrapositive statement in the following theorem.

We first prove that the fragment of the language L without atomic propo-
sitions is expressive — this merely follows from the fact that V -lifting extends
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the two-valued relation lifting, together with the fact that the Boolean algebra
{0, 1} embeds into V . That is on {⊥, e}, the Heyting algebra V behaves classi-
cally.

Theorem 4.4.1 (Expressivity of the closed fragment). The closed fragment of the
V -logic for a finitary functor T is expressive. For two coalgebras c : A → TA and
d : B → TB, if the states a ∈ A and b ∈ B are not behaviourally equivalent, then
there is a formula ϕ ∈ L such that

a c ϕ 6= b d ϕ.

Proof. Let us write LM for the language of Moss’ logic from Section 2.7, and
write M for the forcing relation of Moss’ logic. We know that this logic is
expressive. This means that we can find a formula ϕ ∈ L of the Moss’ logic
such that a Mc ϕ holds and also b 1Md ϕ holds. See that if we had a notion
of negation in the language L of Moss’ V -logic, the language LM would be a
subset of L. Let us for this moment define a syntactic shortcut for the pseudo-
complement (negation)

¬ψ ≡ ψ → ⊥

and add to the language L the negation connective by introducing this short-
cut. Observe that for the elements ⊥ ∈ V and e ∈ V this gives us semantically
the notion of standard negation as we know it from the 2-element Boolean al-
gebra: ¬⊥ has the same semantics as e and ¬e has the same semantics as ⊥.
We shall now prove that if we interpret the formulas of LM in Moss’ V -logic,
we get the same semantics as in the standard Moss’ logic. More succintly, we
prove that

I(Mc ) = c�A9LM .

This is now almost immediate by looking at the semantics of Moss’ logic from
Definition 2.7.2 and the semantics of V -logic from Definition 4.1.1. The proof
follows by induction on the complexity of ϕ. The only nontrivial case is to
prove that for formulas of the form∇α we get that

a I(Mc ) ∇α = a c ∇α

holds. But now we can use Lemma 3.3.8 and Lemma 3.5.5 to conclude the
proof. Since the following diagram

V -mat V -mat

Rel Rel

T̂

I
T

I

commutes, we can say that

a c ∇α = T̂ (c)(c(a), α)

by definition of semantics for∇, then

T̂ (c)(c(a), α) = T̂ (I(Mc ))(c(a), α)
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follows from the inductive hypothesis. By the commutativity of the diagram
above we may infer that

T̂ (I(Mc ))(c(a), α) = I(T (Mc ))(c(a), α),

and from this last line we see that a c ∇α = e if and only if a Mc ∇α holds,
and similarly a c ∇α = ⊥ if and only if we know that a 1Mc ∇α.

We have therefore shown that the formula ϕ which distinguishes the states
a and b in the standard Moss’ logic can be used to distinguish the states in the
V -logic as well.

Observe that in the proof of expressivity of the closed fragment we did not
need any special property of the Heyting algebra V (apart from knowing that
it has two distinct elements ⊥ and e). When V is moreover a Gödel chain, we
can provide a finer analysis and a direct proof of adequacy and expressivity of
V -logic in Theorem 4.4.4.

First we introduce the technical notion of a strict cut.

Definition 4.4.2 (Strict cut). Given a V -relation R : A 9 B, we say that its
strict cut is a relation S(R) : A 9 B such that S(R)(a, b) holds if and only if
R(a, b) = e.

Lemma 4.4.3. Let V be a Gödel chain. For a finitary functor T and a relation R :
A9 B, the following inequality

ST̂ (R) ≤ TS(R)

holds.

Proof. We want to prove that

ST̂ (R)(α, β) ≤ TS(R)(α, β)

holds for any α ∈ TA and β ∈ TB. Let ST̂ (R)(α, β) hold. This means that

T̂ (R)(α, β) = e.

By the definition of V -lifting,∨
tα,tβ

ĤΣ(R)(tα, tβ) = e.

Since V is a chain, this implies that there are two terms tα and tβ representing
α and β, which moreover satisfy

ĤΣ(R)(tα, tβ) = e.

Therefore tα = σ(x) and tβ = σ(y) for some σ ∈ Tn and x : n→ A, y : n→ B.
Now these two vectors satisfy that∧

i<n

R(x(i),y(i)) = e,
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which can be true only if for every i < n it holds that R(x(i),y(i)) = e.
Therefore, we know that for every i < n it holds that S(R)(x(i),y(i)). By
Lemma 3.4.3, we can now deduce that there is a witness tw ∈ HΣ(S(R)) such
that HΣ(p1)(tw) = tα and HΣ(p2)(tw) = tβ and that

TS(R)(α, β)

holds. This concludes the proof.

Theorem 4.4.4 (Expressivity of V -logic). Let V be a Gödel chain and c : A→ TA
and d : B → TB coalgebras.

1. (Adequacy.) Let R : A9 B be a V -bisimulation. Then for all ϕ from the closed
fragment of L

(R(a, b) ∧ a c ϕ) ≤ b d ϕ.

2. (Expressivity.) The relation R : A9 B defined as

R(a, b) iff for all closed ϕ ∈ L : a c ϕ = b d ϕ

is a bisimulation.

Remark 4.4.5. Observe that part 1 of Theorem 4.4.4 indeed entails adequacy:
suppose a and b are V -bisimilar. Therefore (recall from Remark 4.3.7) there is
a V -bisimulation R with R(a, b) = e. Then by part 1 of Theorem 4.4.4 it holds
that

a c ϕ ≤ b d ϕ

and by a similar argument using Rop (which is again a V -bisimulation), the
other inequality

b d ϕ ≤ a c ϕ

follows. Thus it holds that a c ϕ = b d ϕ.
Part 2 of Theorem 4.4.4 entails expressivity: if a and b are not V -bisimilar,

then they are not bisimilar and from the definition of R in part 2 it follows that
¬R(a, b) and therefore there exists a formula ϕ ∈ L such that

a c ϕ 6= b d ϕ.

Proof of Theorem 4.4.4. We first prove part 2.
The (two-valued) relation R relates states that satisfy the same formulas.

Suppose R(a, b) holds. We then have to prove that T (R)(c(a), d(b)) holds to
prove that R is a bisimulation.

For each ai ∈ Base(c(a)) and bj ∈ Base(d(b)) such that R(ai, bj) does not
hold, fix a formula ϕij such that

ai c ϕij 6= bj d ϕij .

Then define a function f : Base(c(a))→ L as follows (where φ↔ ψ is a syntac-
tic shortcut for φ→ psi ∧ ψ → φ):

ai 7→
∧

¬R(ai,bj)

(ϕij ↔ ai c ϕij) .
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From the fact that v ↔ v′ = e iff v = v′, we can deduce that

ai c f(ai) = e (4.1)

and, if it does not hold that R(ai, bj), then

bj d f(ai) < e. (4.2)

Now we are going to use the function

Tf : TBase(c(a))→ TL

to define an element α ∈ TL to be

α = (Tf)(c(a)).

Observe that from equation (4.1) we see that the following diagram

Base(c(a)) L

⇒

Gr(f)

c

commutes, and by the fact that V -lifting for T is a 2-functor (Lemma 3.5.4), we
see that the following diagram

TBase(c(a)) TL

⇒

T̂ (Gr(f))

T̂ (c)

commutes as well. From the fact that V -lifting commutes with graphs, that is,

T̂ (Gr(f)) = Gr(Tf),

we infer that it also holds that

TBase(c(a)) TL

⇒

Gr(Tf)

T̂ (c)

commutes. And since α = (Tf)(c(a)), we now know that c(a)T̂ (c)α = e. By
the definition of the semantics for∇, this allows us to say that

a c ∇α = e

holds. By assumption, we know that R(a, b) holds, and therefore b d ∇α = e
as well, since a and b satisfy all the formulas to the same extent. From the
definition of the semantics for ∇ we know that d(b)T̂ (d)α = e. Using the
strict cut, we can write that

S(T̂ (d))(d(b), α) (4.3)
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holds.
Now by equation 4.2 we know that when R(ai, bj) does not hold, then

bj d f(ai) < e, and therefore it does not hold that bjS(d)f(ai). This can
be succintly written by the following commutative diagram:

Base(c(a)) L Base(d(b))

⇒

Gr(f)

I(R)

IS(op
d )

Applying T̂ to this diagram, we obtain that

TBase(c(a)) TL TBase(d(b))
⇒

Gr(Tf)

T̂I(R)

T̂IS(op
d )

commutes. Because V -lifting is an extension of the two-valued lifting, we can
write that

TBase(c(a)) TL TBase(d(b))

⇒

Gr(Tf)

IT (R)

ITS(op
d )

holds. Observe that since α = (Tf)(c(a)), it would now suffice to show that

TS(op
d )(α, d(b))

is true in order to prove that c(a)T (R)d(b) holds. By Lemma 4.4.3 we know
that

ST̂ (op
d ) ≤ TS(op

d )

holds, and by equation 4.3 we know that S(T̂ (d))(d(b), α) holds, so it is also
true that

TS(d)(d(b), α).

Because relation lifting commutes with opposites,

TS(op
d )(α, d(b))

holds as well. We have therefore shown that

c(a)T (R)d(b)

holds, and R is a bisimulation.
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Now we prove part 1 of the theorem by an easy induction on the complexity
of ϕ. The only interesting case is when ϕ = ∇α, where α ∈ TL.

Consider the following diagram:

Base(c(a)) Base(d(b)) Base(α)

⇒

R

c

d

It commutes: Fix a′ ∈ Base(c(a)) and ψ ∈ Base(α). We have to show that∨
b′

R(a′, b′) ∧ b′ d ψ ≤ a c ψ

holds. If we fix b′, then by induction hypothesis it holds that

R(a′, b′) ∧ b′ d ψ ≤ a c ψ.

Now by lifting the above diagram we get that

TBase(c(a)) TBase(d(b)) TBase(α)

⇒

T̂ (R)

T̂ (c)

T̂ (d)

commutes. It shows that∨
σ∈TBase(d(b))

(
T̂ (R)(c(a), σ) ∧ T̂ (d)(σ, α)

)
≤ T̂ (c)(c(a), α).

Thus, since d(b) ∈ TBase(d(b)), it holds that

T̂ (R)(c(a), d(b)) ∧ T̂ (d)(d(b), α) ≤ T̂ (c)(c(a), α).

Recall now that
R(a, b) ≤ T̂ (R)(c(a), d(b))

and by definition of semantics of∇, the following two equalities

T̂ (d)(d(b), α) = b d ∇α

T̂ (c)(c(a), α) = a c ∇α

hold. Thus it holds that

R(a, b) ∧ b d ∇α ≤ a c ∇α

and the proof is complete.
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Note 4.4.6. In the diagrams we have used implicitly the fact that V -lifting com-
mutes with restrictions.

Remark 4.4.7. Observe that the same proof would work for the full language
L of our V -logic and not just for the closed fragment. It would be enough just
to incorporate the notion of atomic harmony into the notion of V -bisimilarity:
for two states a,b to be V -bisimilar, we would demand that

a c s = b d s

holds for all atomic propositions s.

We have now concluded that the V -logic we have introduced is expressive
when V is a Gödel chain. In the next chapter we shall summarise the results of
the thesis and talk about possible future work.
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Summary

In this chapter we shall summarise the results of the thesis and propose possi-
bilites for future work.

Results

We have proved that there is a way to define many-valued relation lifting for
a large class of functors with the use of functor presentations. This result is
an extension of the classical relation lifting result [52]. We have moreover
proved some additional nice properties of the many-valued relation lifting
that have proved useful. Our definition of many-valued relation lifting works
when we consider complete Heyting algebras as the algebras describing many-
valuedness.

We have used the introduced notion of many-valued relation lifting to de-
fine semantics for many-valued coalgebraic logic, which is a direct generali-
sation of Moss’ logic. This logic has been shown to be expressive when we
allow the truth-values of the semantics to be taken from a Gödel chain. The
proof used properties of many-valued relation lifting which we have proved
beforehand. Lastly we have shown some interesting examples of the intro-
duced logic.

Future work

It would be natural to try and find an axiomatisation of our logic and present
proofs of soundness and completeness. We should therefore study the notion
of a distributive law arising from the relation lifting.

Since we proved the expressivity results for V -logic in the case of V being
a Gödel chain, it would be nice to find out whether there is a more direct way
to define V -lifting for Gödel chains.

In this thesis we have studied only Moss’ logic. We could therefore try
to study modalities arising from a many-valued logical connection (or many-
valued predicate liftings) as well.
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